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1. Introduction

Formal schemes were introduced in [DG67]. A more general version of formal
schemes was introduced in [McQ02] and another in [Yas09]. Formal algebraic spaces
were introduced in [Knu7l]. Related material and much besides can be found in
[Abb10] and [FK]. This chapter introduces the notion of formal algebraic spaces
we will work with. Our definition is general enough to allow most classes of formal
schemes/spaces in the literature as full subcategories.

Although we do discuss the comparison of some of these alternative theories with
ours, we do not always give full details when it is not necessary for the logical
development of the theory.

Besides introducing formal algebraic spaces, we also prove a few very basic proper-
ties and we discuss a few types of morphisms.

2. Formal schemes a la EGA

In this section we review the construction of formal schemes in [DG67]. This notion,
although very useful in algebraic geometry, may not always be the correct one to
consider. Perhaps it is better to say that in the setup of the theory a number of
choices are made, where for different purposes others might work better. And indeed
in the literature one can find many different closely related theories adapted to the
problem the authors may want to consider. Still, one of the major advantages of
the theory as sketched here is that one gets to work with definite geometric objects.

Before we start we should point out an issue with the sheaf condition for sheaves of
topological rings or more generally sheaves of topological spaces. Namely, the big
categories

(1) category of topological spaces,

(2) category of topological groups,

(3) category of topological rings,

(4) category of topological modules over a given topological ring,
endowed with their natural forgetful functors to Sets are not examples of types of
algebraic structures as defined in Sheaves, Section Thus we cannot blithely
apply to them the machinery developed in that chapter. On the other hand, each
of the categories listed above has limits and equalizers and the forgetful functor
to sets, groups, rings, modules commutes with them (see Topology, Lemmas m,
[30.3} [30.8] and [30.11). Thus we can define the notion of a sheaf as in Sheaves,
Definition [9.1] and the underlying presheaf of sets, groups, rings, or modules is a
sheaf. The key difference is that for an open covering U = |, _; U; the diagram

i€l
FU) —[Lie; F(Us) H(io,il)efxlf(Uio NU;,)

-

has to be an equalizer diagram in the category of topological spaces, topological
groups, topological rings, topological modules, i.e., that the first map identifies
F(U) with a subspace of [[,.; F(U;) which is endowed with the product topology.
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The stalk F, of a sheaf F of topological spaces, topological groups, topological
rings, or topological modules at a point x € X is defined as the colimit over open
neighbourhoods
Fz = colimgepy F(U)

in the corresponding category. This is the same as taking the colimit on the level of
sets, groups, rings, or modules (see Topology, Lemmas [29.1] [30.6} [30.9} and [30.12)
but comes equipped with a topology. Warning: the topology one gets depends on
which category one is working with, see Examples, Section [77] One can sheafify
presheaves of topological spaces, topological groups, topological rings, or topological
modules and taking stalks commutes with this operation, see Remark

Let f : X — Y be a continuous map of topological spaces. There is a functor f, from
the category of sheaves of topological spaces, topological groups, topological rings,
topological modules, to the corresponding category of sheaves on Y which is defined
by setting f.F(V) = F(f~1V) as usual. (We delay discussing the pullback in this
setting till later.) We define the notion of an f-map & : G — F between a sheaf
of topological spaces G on Y and a sheaf of topological spaces F on X in exactly
the same manner as in Sheaves, Definition with the additional constraint that
&y 1 G(V) — F(f~1V) be continuous for every open V C Y. We have

{f-maps from G to F} = Morgy(y, 1op) (G, f+F)

as in Sheaves, Lemma Similarly for sheaves of topological groups, topological
rings, topological modules. Finally, let £ : G — F be an f-map as above. Then
given z € X with image y = f(x) there is a continuous map

&Gy — Fu

of stalks defined in exactly the same manner as in the discussion following Sheaves,
Definition 1.9l

Using the discussion above, we can define a category LT RS of “locally topologically
ringed spaces”. An object is a pair (X, Ox) consisting of a topological space X and
a sheaf of topological rings Ox whose stalks Oy , are local rings (if one forgets
about the topology). A morphism (X,0x) — (Y,Oy) of LTRS is a pair (f, f*)
where f : X — Y is a continuous map of topological spaces and f*: Oy — Ox is
an f-map such that for every z € X the induced map

fi: Oy o) — Oxp

is a local homomorphism of local rings (forgetting about the topologies). The
composition works in exactly the same manner as composition of morphisms of
locally ringed spaces.

Assume now that the topological space X has a basis consisting of quasi-compact
opens. Given a sheaf F of sets, groups, rings, modules over a ring, one can endow F
with the structure of a sheaf of topological spaces, topological groups, topological
rings, topological modules. Namely, if U C X is quasi-compact open, we endow
F(U) with the discrete topology. If U C X is arbitrary, then we choose an open
covering U = |J;¢; U; by quasi-compact opens and we endow J(U) with the induced
topology from [[,.; F(U;) (as we should do according to our discussion above). The
reader may verify (omitted) that we obtain a sheaf of topological spaces, topological
groups, topological rings, topological modules in this fashion. Let us say that a sheaf
of topological spaces, topological groups, topological rings, topological modules is
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pseudo-discrete if the topology on F(U) is discrete for every quasi-compact open
U C X. Then the construction given above is an adjoint to the forgetful functor and
induces an equivalence between the category of sheaves of sets and the category of
pseudo-discrete sheaves of topological spaces (similarly for groups, rings, modules).

Grothendieck and Dieudonné first define formal affine schemes. These correspond
to admissible topological rings A, see More on Algebra, Definition Namely,
given A one considers a fundamental system I of ideals of definition for the ring
A. (In any admissible topological ring the family of all ideals of definition forms
a fundamental system.) For each A\ we can consider the scheme Spec(A/Iy). For
I, C I, the induced morphism

Spec(A/I,) — Spec(A/I)

is a thickening because I); C I for some n. Another way to see this, is to notice
that the image of each of the maps

Spec(A/I,) — Spec(A)

is a homeomorphism onto the set of open prime ideals of A. This motivates the
definition

Spf(A) = {open prime ideals p C A}
endowed with the topology coming from Spec(A). For each A\ we can consider the
structure sheaf Ogpec(a/r,) as a sheaf on Spf(A). Let Oy be the corresponding
pseudo-discrete sheaf of topological rings, see above. Then we set

Ospf(A) = lim Oy

where the limit is taken in the category of sheaves of topological rings. The pair
(Spf(A), Osp(a)) is called the formal spectrum of A.

At this point one should check several things. The first is that the stalks Ogpt(a).o
are local rings (forgetting about the topology). The second is that given f € A, for
the corresponding open D(f) N Spf(A) we have

D(D(f) NSpf(A), Osprca)) = Agyy = im(A/I))f
as topological rings where I is a fundamental system of ideals of definition as above.
Moreover, the ring Ay is admissible too and (Spf(Ay), Ospe(a,,)) is isomorphic to
(D(f) N Spf(A), Ospeay | D(f)nspeca))- Finally, given a pair of admissible topological
rings A, B we have

(201) MOI‘LTRs((Spf(B), OSpf(B))v (Spf(A), OSpf(A))) = Homcont (A, B)

where LTRS is the category of “locally topologically ringed spaces” as defined
above.

Having said this, in [DG67] a formal scheme is defined as a pair (X, Ox) where X
is a topological space and Oy is a sheaf of topological rings such that every point
has an open neighbourhood isomorphic (in LT RS) to an affine formal scheme. A
morphism of formal schemes f : (X,0x) = (2, Oy) is a morphism in the category
LTRS.

Let A be a ring endowed with the discrete topology. Then A is admissible and
the formal scheme Spf(A) is equal to Spec(A). The structure sheaf Ogyg4) is the
pseudo-discrete sheaf of topological rings associated to Ogpec(4), in other words, its
underlying sheaf of rings is equal to Ogpec(a) and the ring Ogpsa) (U) = Ogpec(ay(U)
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over a quasi-compact open U has the discrete topology, but not in general. Thus
we can associate to every affine scheme a formal affine scheme. In exactly the same
manner we can start with a general scheme (X, Ox) and associate to it (X, O%)
where O is the pseudo-discrete sheaf of topological rings whose underlying sheaf of
rings is Ox. This construction is compatible with morphisms and defines a functor

(2.0.2) Schemes —» Formal Schemes
It follows in a straightforward manner from (2.0.1)) that this functor is fully faithful.

Let X be a formal scheme. Let us define the size of the formal scheme by the
formula size(X) = max(Ng, k1, k2) where k; is the cardinality of the formal affine
opens of X and ko is the supremum of the cardinalities of Ox () where { C X is
such a formal affine open.

Lemma 2.1. Choose a category of schemes Sch,, as in Sets, Lemma . Given
a formal scheme X let

hx : (SCha)Opp — Sets, hf{(s) = Mor rormal Schemes(sa x)
be its functor of points. Then we have

Mor rormat Schemes(xv 2]) = MorPS}L(SchQ) (h%a hQJ)

provided the size of X is not too large.

Proof. First we observe that hy satisfies the sheaf property for the Zariski topology
for any formal scheme X (see Schemes, Definition . This follows from the local
nature of morphisms in the category of formal schemes. Also, for an open immersion
U — 20 of formal schemes, the corresponding transformation of functors hy — hay
is injective and representable by open immersions (see Schemes, Definition .
Choose an open covering X = [J{; of a formal scheme by affine formal schemes
il;. Then the collection of functors hg, covers hx (see Schemes, Definition .
Finally, note that
hs; Xny hsy = hyny,

Hence in order to give a map hx — hy is equivalent to giving a family of maps
hs, — hy which agree on overlaps. Thus we can reduce the bijectivity (resp.
injectivity) of the map of the lemma to bijectivity (resp. injectivity) for the pairs
(4;,9) and injectivity (resp. nothing) for (&; N4l;,9)). In this way we reduce to
the case where X is an affine formal scheme. Say X = Spf(A) for some admissible
topological ring A. Also, choose a fundamental system of ideals of definition I C A.

We can also localize on ). Namely, suppose that U C ) is an open formal sub-
scheme and ¢ : hx — hy. Then

hag th_g,tp hx — hx

is representable by open immersions. Pulling back to Spec(A/I)) for all A we
find an open subscheme Uy C Spec(A/I,). However, for Iy C I, the morphism
Spec(A/I\) — Spec(A/I,) pulls back U, to Ux. Thus these glue to give an open
formal subscheme 4 C X. A straightforward argument (omitted) shows that

hy = hyg Xy hx

In this way we see that given an open covering 9) = |J; and a transformation
of functors ¢ : hx — hg) we obtain a corresponding open covering of X. Since X
is affine, we can refine this covering by a finite open covering X = ; U ... UL,
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by affine formal subschemes. In other words, for each i there is a j and a map
@i : hy, — hyg, such that

hy; T hsg;

|,

hx — hy
commutes. With a few additional arguments (which we omit) this implies that it
suffices to prove the bijectivity of the lemma in case both X and 2) are affine formal
schemes.

Assume X and Q) are affine formal schemes. Say ¥ = Spf(A4) and Q) = Spf(B). Let
¢ : hx — hyg be a transformation of functors. Let Iy C A be a fundamental system
of ideals of definition. The canonical inclusion morphism iy : Spec(A/I)) — X
maps to a morphism ¢(iy) : Spec(4/Iy) — 2. By this corresponds to a
continuous map x» : B — A/I,. Since ¢ is a transformation of functors it follows
that for Iy C I, the composition B — A/Iy — A/I,, is equal to x,. In other words
we obtain a ring map

x=limyx):B —limA/I,=A

This is a continuous homomorphism because the inverse image of I is open for all
A (as A/Iy has the discrete topology and x is continuous). Thus we obtain a mor-
phism Spf(x) : X = 2 by . We omit the verification that this construction
is the inverse to the map of the lemma in this case.

Set theoretic remarks. To make this work on the given category of schemes Sch,
we just have to make sure all the schemes used in the proof above are isomorphic
to objects of Sch,. In fact, a careful analysis shows that it suffices if the schemes
Spec(A/I,) occurring above are isomorphic to objects of Schy,. For this it certainly
suffices to assume the size of X is at most the size of a scheme contained in Sch,. O

Lemma 2.2. Let X be a formal scheme. The functor of points hx (see Lemma
satisfies the sheaf condition for fpgc coverings.

Proof. Topologies, Lemma [9.13| reduces us to the case of a Zariski covering and
a covering {Spec(S) — Spec(R)} with R — S faithfully flat. We observed in the
proof of Lemma that hyx satisfies the sheaf condition for Zariski coverings.

Suppose that R — S is a faithfully flat ring map. Denote 7 : Spec(S) — Spec(R)
the corresponding morphism of schemes. It is surjective and flat. Let f : Spec(S) —
X be a morphism such that fopr, = fopr, as maps Spec(S®rS) — X. By Descent,
Lemma we see that as a map on the underlying sets f is of the form f =gon
for some (set theoretic) map g : Spec(R) — X. By Morphisms, Lemma and
the fact that f is continuous we see that g is continuous.

Pick y € Spec(R). Choose 4 C ¥ an affine formal open subscheme containing g(y).
Say 4 = Spf(A) for some admissible topological ring A. By the above we may
choose an r € R such that y € D(r) C g~!(4). The restriction of f to 7= 1(D(r))
into 4 corresponds to a continuous ring map A — S, by . The two induced
ring maps A — S, ®g, S» = (S ®r S), are equal by assumption on f. Note that
R, — S, is faithfully flat. By Descent, Lemma the equalizer of the two arrows
Sy — Sr ®gr, Sr is R,. We conclude that A — S, factors uniquely through a map
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A — R, which is also continuous as it has the same (open) kernel as the map
A — S,.. This map in turn gives a morphism D(r) — 4 by (2.0.1] -

What have we proved so far? We have shown that for any y € Spec(R) there exists
a standard affine open y € D(r) C Spec(R) such that the morphism f[—1(py) :
7~ Y(D(r)) — X factors uniquely though some morphism D(r) — X. We omit the
verification that these morphisms glue to the desired morphism Spec(R) — X. O

Remark 2.3 (McQuillan’s variant). There is a variant of the construction of
formal schemes due to McQuillan, see [McQ02]. He suggests a slight weakening of
the condition of admissibility. Namely, recall that an admissible topological ring is
a complete (and separated by our conventions) topological ring A which is linearly
topologized such that there exists an ideal of definition: an open ideal I such that
any neighbourhood of 0 contains I"™ for some n > 1. McQuillan works with what we
will call weakly admissible topological rings. A weakly admissible topological ring A
is a complete (and separated by our conventions) topological ring which is linearly
topologized such that there exists an weak ideal of definition: an open ideal I such
that for all f € I we have f™ — 0 for n — oo. Similarly to the admissible case, if T
is a weak ideal of definition and J C A is an open ideal, then I N J is a weak ideal
of definition. Thus the weak ideals of definition form a fundamental system of open
neighbourhoods of 0 and one can proceed along much the same route as above to
define a larger category of formal schemes based on this notion. The analogues of
Lemmas and still hold in this setting (with the same proof).

Remark 2.4 (Sheafification of presheaves of topological spaces). In this remark
we briefly discuss sheafification of presheaves of topological spaces. The exact same
arguments work for presheaves of topological abelian groups, topological rings, and
topological modules (over a given topological ring). In order to do this in the correct
generality let us work over a site C. The reader who is interested in the case of
(pre)sheaves over a topological space X should think of objects of C as the opens of
X, of morphisms of C as inclusions of opens, and of coverings in C as coverings in
X, see Sites, Example Denote Sh(C, Top) the category of sheaves of topological
spaces on C and denote PSh(C, Top) the category of presheaves of topological spaces
on C. Let F be a presheaf of topological spaces on C. The sheafification F# should
satisfy the formula

Mo psi(c, Top) (F» G) = Morsu(c, rop) (F7,G)

functorially in G from Sh(C, Top). In other words, we are trying to construct the
left adjoint to the inclusion functor Sh(C, Top) — PSh(C, Top). We first claim that
Sh(C, Top) has limits and that the inclusion functor commutes with them. Namely,
given a category Z and a functor i — G, into Sh(C, Top) we simply define

where we take the limit in the category of topological spaces (Topology, Lemma
14.1)). This defines a sheaf because limits commute with limits (Categories, Lemma

14.10)) and in particular products and equalizers (which are the operations used in
the sheaf axiom). Finally, a morphism of presheaves from F — limG; is clearly
the same thing as a compatible system of morphisms F — G;. In other words, the
object lim G; is the limit in the category of presheaves of topological spaces and a
fortiori in the category of sheaves of topological spaces. Our second claim is that
any morphism of presheaves 7 — G with G an object of Sh(C, Top) factors through

[Gra65]
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a subsheaf G’ C G whose size is bounded. Here we define the size || of a sheaf of
topological spaces H to be the cardinal supycop(c) [H(U)|. To prove our claim we
let
, _ there exists a covering {U; — U}
g'(u) = { s€g(U) ‘ such that s|y, € Im(F(U;) — G(Us))

We endow G'(U) with the induced topology. Then G’ is a sheaf of topological spaces
(details omitted) and G’ — G is a morphism through which the given map F — G
factors. Moreover, the size of G’ is bounded by some cardinal x depending only on
C and the presheaf F (hint: use that coverings in C form a set by our conventions).
Putting everything together we see that the assumptions of Categories, Theorem
25.3] are satisfied and we obtain sheafification as the left adjoint of the inclusion
functor from sheaves to presheaves. Finally, let p be a point of the site C given by
a functor u : C — Sets, see Sites, Definition For a topological space M the
presheaf defined by the rule

U — Map(u(U), M) = Hmeu(U)
endowed with the product topology is a sheaf of topological spaces. Hence the exact
same argument as given in the proof of Sites, Lemma shows that F,, = ff , in
other words, sheafification commutes with taking stalks at a point.

3. Conventions and notation

The conventions from now on will be similar to the conventions in Properties of
Spaces, Section [2| Thus from now on the standing assumption is that all schemes
are contained in a big fppf site Schyppr. And all rings A considered have the
property that Spec(A) is (isomorphic) to an object of this big site. For topological
rings A we assume only that all discrete quotients have this property (but usually
we assume more, compare with Remark .

Let S be a scheme and let X be a “space” over S, i.e., a sheaf on (Sch/S)fpps. In
this chapter we will write X x g X for the product of X with itself in the category of
sheaves on (Sch/S) pps instead of X x X. Moreover, if X and Y are “spaces” then
we say "let f: X — Y be a morphism" to indicate that f is a natural transformation
of functors, i.e., a map of sheaves on (Sch/S) fpps. Similarly, if U is a scheme over
S and X is a “space” over S, then we say "let f: U — X be a morphism" or "let
g : X — U be a morphism" to indicate that f or g is a map of sheaves hy — X or
X — hy where hy; is as in Categories, Example

4. Topological rings and modules

This section is a continuation of More on Algebra, Section[36] Let R be a topological
ring and let M be a linearly topologized R-module. When we say “let My be a
fundamental system of open submodules” we will mean that each M) is an open
submodule and that any neighbourhood of 0 contains one of the M. In other
words, this means that M) is a fundamental system of neighbourhoods of 0 in M
consisting of submodules. Similarly, if R is a linearly topologized ring, then we say
“let I be a fundamental system of open ideals” to mean that I is a fundamental
system of neighbourhoods of 0 in R consisting of ideals.
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Example| 4.1. Let R be a linearly topologized ring and let M be a linearly
topologized R-module. Let I be a fundamental system of open ideals in R and
let M, be a fundamental system of open submodules of M. The continuity of
4+ : M x M — M is automatic and the continuity of R x M — M signifies

Vi e 3Ne, (F+ L)@+ M,) C fr+ M,
Since fM, + I\M, C M, if M,, C M, we see that the condition is equivalent to
Vo, p IN Ixa C M,

However, it need not be the case that given u there is a A such that IxM C M,,.
For example, consider R = k[[t]] with the t-adic topology and M = € R with
fundamental system of open submodules given by

M,, = @HGN t""R

Since every x € M has finitely many nonzero coordinates we see that, given m and
x there exists a k such that t*z € M,,. Thus M is a linearly topologized R-module,
but it isn’t true that given m there is a k such that t* M C M,,. On the other hand,
if R — S is a continuous map of linearly topologized rings, then the corresponding
statement does hold, i.e., for every open ideal J C S there exists an open ideal
I C R such that IS C J (as the reader can easily deduce from continuity of the
map R — S).

neN

Lemma 4.2. Let R be a topological ring. Let M be a linearly topologized R-module
and let My, X\ € A be a fundamental system of open submodules. Let N C M be a
submodule. The closure of N is [\ycp (N + My).

Proof. Since each N + M) is open, it is also closed. Hence the intersection is
closed. If € M is not in the closure of N, then (xz + M,) N N = 0 for some .
Hence = ¢ N + M. This proves the lemma. O

Unless otherwise mentioned we endow submodules and quotient modules with the
induced topology. Let M be a linearly topologized module over a topological ring
R, and let 0 - N — M — @ — 0 be a short exact sequence of R-modules. If M)
is a fundamental system of open submodules of M, then N N M) is a fundamental
system of open submodules of N. If 7 : M — @ is the quotient map, then 7(M))
is a fundamental system of open submodules of ). In particular these induced
topologies are linear topologies.

Lemma 4.3. Let R be a topological ring. Let M be a linearly topologized R-module.
Let N C M be a submodule. Then

(1) 0 NN - M" — (M/N)" is ezact, and

(2) N” is the closure of the image of N — M".

Proof. Let My, A € A be a fundamental system of open submodules. Then NNM)
is a fundamental system of open submodules of N and My + N/N is a fundamental
system of open submodules of M/N. Thus we see that (1) follows from the exactness
of the sequences

0> N/NNMy— M/My — M/(My+N)—0
and the fact that taking limits commutes with limits. The second statement follows

from this and the fact that N — N’ has dense image and that the kernel of
M”" — (M/N)" is closed. O
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Lemma 4.4. Let R be a topological ring. Let M be a complete, linearly topologized
R-module. Let N C M be a closed submodule. If M has a countable fundamental
system of neighbourhoods of 0, then M/N is complete and the map M — M/N s
open.

Proof. Let M,, n € N be a fundamental system of open submodules of M. We
may assume M, 1 C M, for all n. The system (M, + N)/N is a fundamental
system in M/N. Hence we have to show that M/N = lim M/(M,, + N). Consider
the short exact sequences

0— N/NNM, - M/M, - M/(M,+N)—0

Since the transition maps of the system {N/N N M,} are surjective we see that
M =1lim M /M, (by completeness of M) surjects onto lim M/(M,, + N) by Algebra,
Lemma As N is closed we see that the kernel of M — lim M/(M,, + N) is
N (see Lemma . Finally, M — M/N is open by definition of the quotient
topology. (I

Lemma 4.5. Let R be a topological ring. Let M be a linearly topologized R-module.

[Mat86, Theorem

Let N C M be a submodule. Assume M has a countable fundamental system of 8.1]

neighbourhoods of 0. Then
(1) 0= N - M» — (M/N)" — 0 is exact,
(2) N is the closure of the image of N — M”",
(3) M" — (M/N)" is open.

Proof. We have 0 - N — M" — (M/N)" is exact and statement (2) by Lemma
4.3] This produces a canonical map ¢: M"/N" — (M/N)". The module M"/N"
is complete and M" — M”"/N” is open by Lemma By the universal property
of completion we obtain a canonical map b : (M/N)" — M”/N”. Then b and ¢
are mutually inverse as they are on a dense subset. ([l

Lemma 4.6. Let R be a topological ring. Let M be a topological R-module. Let
I C R be a finitely generated ideal. Assume M has an open submodule whose
topology is I-adic. Then M” has an open submodule whose topology is I-adic and
we have M™/I"M"» = M/I"M for alln > 1.

Proof. Let M’ C M be an open submodule whose topology is I-adic. Then
{I"M'},>1 is a fundamental system of open submodules of M. Thus M" =
lim M/I™ M’ contains (M')" =lim M’/I"™ M’ as an open submodule and the topol-
ogy on (M')" is I-adic by Algebra, Lemma Since [ is finitely generated, I™
is finitely generated, say by fi,...,fr. Observe that the surjection (fi,...,fr) :
M®" — "M is continuous and open by our description of the topology on M
above. By Lemma |4.5| applied to this surjection and to the short exact sequence
0—I"M - M — M/I"M — 0 we conclude that

(fl,"';f'r’) : (MA)®T —>M/\

surjects onto the kernel of the surjection M — M/I™"M. Since fi,..., f. generate
I™ we conclude. ]

Definition 4.7. Let R be a topological ring. Let M and N be linearly topologized
R-modules. The tensor product of M and N is the (usual) tensor product M @r N
endowed with the linear topology defined by declaring

Im(M#®RN+M®RNV—>M®RN)
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to be a fundamental system of open submodules, where M,, C M and N, C N
run through fundamental systems of open submodules in M and N. The completed
tensor product

M@®gN =lim M @ N/(M, ®p N + M ®g N,)) = lim M/M, @ N/N,
is the completion of the tensor product.

Observe that the topology on R is immaterial for the construction of the tensor
product or the completed tensor product. If R — A and R — B are continu-
ous maps of linearly topologized rings, then the construction above gives a tensor
product A ®p B and a completed tensor product A® g B.

We record here the notions introduced in Remark 2.3

Definition 4.8. Let A be a linearly topologized ring.

(1) An element f € A is called topologically nilpotent if f™* — 0 as n — oo.

(2) A weak ideal of definition for A is an open ideal I C A consisting entirely
of topologically nilpotent elements.

(3) We say A is weakly pre-admissible if A has a weak ideal of definition.

(4) We say A is weakly admissible if A is weakly pre-admissible and completeﬂ

Given a weak ideal of definition I in a linearly topologized ring A and an open ideal
J the intersection I'NJ is a weak ideal of definition. Hence if there is one weak ideal
of definition, then there is a fundamental system of open ideals consisting of weak
ideals of definition. In particular, given a weakly admissible topological ring A then
A =1lim A/I, where {I,} is a fundamental system of weak ideals of definition.

Lemma 4.9. Let A be a weakly admissible topological ring. Let I C A be a weak
ideal of definition. Then (A, I) is a henselian pair.

Proof. Let A — A’ be an étale ring map and let o : A’ — A/I be an A-algebra
map. By More on Algebra, Lemma it suffices to lift ¢ to an A-algebra map
A’ — A. To do this, as A is complete, it suffices to find, for every open ideal
J C I, a unique A-algebra map A’ — A/J lifting o. Since I is a weak ideal of
definition, the ideal I/J is locally nilpotent. We conclude by More on Algebra,
Lemma 1.2 O

Lemma 4.10. Let B be a linearly topologized ring. The set of topologically nilpo-
tent elements of B is a closed, radical ideal of B. Let o : A — B be a continuous
map of linearly topologized rings.
(1) If f € A is topologically nilpotent, then ¢(f) is topologically nilpotent.
(2) If I C A consists of topologically nilpotent elements, then the closure of
p(I)B consists of topologically nilpotent elements.

Proof. Let b C B be the set of topologically nilpotent elements. We omit the
proof of the fact that b is a radical ideal (good exercise in the definitions). Let g be
an element of the closure of b. Our goal is to show that g is topologically nilpotent.
Let J C B be an open ideal. We have to show ¢g¢ € J for some e > 1. We have
g € b+ J by Lemma[4.2] Hence g = f + h for some f € b and h € J. Pick m > 1
such that f™ € .J. Then ¢g™*! € J as desired.

Let ¢ : A — B be as in the statement of the lemma. Assertion (1) is clear and
assertion (2) follows from this and the fact that b is a closed ideal. g

1By our conventions this includes separated.
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Lemmal 4.11. Let A — B be a continuous map of linearly topologized rings. Let
I C A be an ideal. The closure of IB is the kernel of B — B@)AA/I.

Proof. Let J, be a fundamental system of open ideals of B. The closure of IB is
N(IB + J,) by Lemma Let I,, be a fundamental system of open ideals in A.
Then

B®AA/I =lim(B/Jy @4 A/(I, + 1)) =lim B/(J\ + I,B + IB)
Since A — B is continuous, for every A there is a u such that I,B C Jy, see

discussion in Example Hence the limit can be written as lim B/(Jy + IB) and
the result is clear. O

Lemmal 4.12. Let B — A and B — C be continuous homomorphisms of linearly
topologized rings.
(1) If A and C are weakly pre-admissible, then A®pC is weakly admissible.
(2) If A and C are pre-admissible, then AQpC' is admissible.
(3) If A and C have a countable fundamental system of open ideals, then ARpC
has a countable fundamental system of open ideals.
(4) If A and C are pre-adic and have finitely generated ideals of definition, then
ARpC is adic and has a finitely generated ideal of definition.
(5) If A and C are pre-adic Noetherian rings and B/b — A/a is of finite type
where a C A and b C B are the ideals of topologically nilpotent elements,
then ARgC is adic Noetherian.

Proof. Let Iy C A, A € Aand J, C C, u € M be fundamental systems of open
ideals, then by definition

A®pC =1limy , A/I\ @5 C/J,

with the limit topology. Thus a fundamental system of open ideals is given by
the kernels K, of the maps ARpC — A/I\ ®p C/J,. Note that K , is the
closure of the ideal I (A®5C)+J,(A®pC). Finally, we have a ring homomorphism
7: A®p C — ARpC with dense image.

Proof of (1). If I, and J, consist of topologically nilpotent elements, then so does
K, by Lemma m Hence A®pC is weakly admissible by definition.

Proof of (2). Assume for some A\g and po the ideals I = Iy, C A and J,, C C are
ideals of definition. Thus for every A there exists an n such that I™ C I. For every
 there exists an m such that J™ C J,. Then

(I(ABEC) + J(ABC))"™ C I\(ABEC) + J,(ABC)

It follows that the open ideal K = K, ,, satisfies K"™™ C K ,. Hence K is an
ideal of definition of AR5C and A®C is admissible by definition.

Proof of (3). If A and M are countable, so is A x M.

Proof of (4). Assume A = N and M = N and we have finitely generated ideals
I Cc Aand J C C such that I,, = I" and J,, = J". Then

I(A®BC) + J(ABEC)

is a finitely generated ideal and it is easily seen that A®pC is the completion of
A ®p C with respect to this ideal. Hence (4) follows from Algebra, Lemma m
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Proof of (5). Let ¢ C C be the ideal of topologically nilpotent elements. Since A and
C are adic Noetherian, we see that a and ¢ are ideals of definition (details omitted).
From part (4) we already know that A®pC' is adic and that a(A2pC) + ¢(A20)
is a finitely generated ideal of definition. Since

AB®pC/ (((ABBC) + ¢((ABpC)) = AJa@g,, C/c

is Noetherian as a finite type algebra over the Noetherian ring C'/c¢ we conclude by
Algebra, Lemma [97.5 O

5. Taut ring maps

It turns out to be convenient to have a name for the following property of continuous
maps between linearly topologized rings.

Definition 5.1. Let ¢ : A — B be a continuous map of linearly topologized rings.
We say ¢ is tauﬂ if for every open ideal I C A the closure of the ideal ¢(I)B is
open and these closures form a fundamental system of open ideals.

If p : A — B is a continuous map of linearly topologized rings and I a fundamental
system of open ideals of A, then ¢ is taut if and only if the closures of I\ B are
open and form a fundamental system of open ideals in A.

Lemmal 5.2. Let ¢ : A — B be a continuous map of weakly admissible topological
rings. The following are equivalent
(1) ¢ is taut,
(2) for every weak ideal of definition I C A the closure of p(I)B is a weak ideal
of definition of B and these form a fundamental system of weak ideals of
definition of B.

Proof. The remarks following Definition |5.1{show that (2) implies (1). Conversely,
assume ¢ is taut. If I C A is a weak ideal of definition, then the closure of ¢(I)B
is open by definition of tautness and consists of topologically nilpotent elements by
Lemma Hence the closure of ¢(I)B is a weak ideal of definition. Furthermore,
by definition of tautness these ideals form a fundamental system of open ideals and
we see that (2) is true. O

Lemma 5.3. Let A be a linearly topologized ring. The map A — A" from A to
its completion is taut.

Proof. Let I, be a fundamental system of open ideals of A. Recall that A" =
lim A/, with the limit topology, which means that the kernels J, = Ker(4A" —
A/I,) form a fundamental system of open ideals of A”. Since J) is the closure of
IL A" (compare with Lemma we conclude. (]

Lemma 5.4. Let A — B and B — C be continuous homomorphisms of linearly
topologized rings. If A — B and B — C are taut, then A — C is taut.

Proof. Omitted. Hint: if I C A is an ideal and J is the closure of IB, then the
closure of JC' is equal to the closure of IC. (]

2This is nonstandard notation. The definition generalizes to modules, by saying a linearly
topologized A-module M is A-taut if for every open ideal I C A the closure of IM in M is open
and these closures form a fundamental system of neighbourhoods of 0 in M.
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Lemmal 5.5. Let A — B and B — C be continuous homomorphisms of linearly
topologized rings. If A — C' is taut, then B — C is taut.

Proof. Let J C B be an open ideal with inverse image I C A. Then the closure
of JC contains the closure of IC. Hence this closure is open as A — C' is taut.
Let I, be a fundamental system of open ideals of A. Let K be the closure of I,C.
Since A — C' is taut, these form a fundamental system of open ideals of C'. Denote
Jx C B the inverse image of K. Then the closure of J,C is K. Hence we see
that the closures of the ideals JC', where J runs over the open ideals of B form a
fundamental system of open ideals of C. O

Lemma 5.6. Let A — B and A — C be continuous homomorphisms of linearly
topologized rings. If A — B is taut, then C — B&4C' is taut.

Proof. Let K C C be an open ideal. Choose any open ideal I C A whose image
in C is contained in J. By assumption the closure J of IB is open. Since A —
B is taut we see that B&C is the limit of the rings B/J ®4/1 C/K over all
choices of K and I, i.e, the ideals J(B&4C) + K(B®4C) form a fundamental
system of open ideals. Now, since B — B®4C is continuous we see that J maps
into the closure of K(B&4C) (as I maps into K). Hence this closure is equal to
J(B&AC) + K(B&4C) and the proof is complete. O

Lemmal5.7. Let p: A — B be a continuous homomorphism of linearly topologized
rings. If ¢ is taut and A has a countable fundamental system of open ideals, then
B has a countable fundamental system of open ideals.

Proof. Immediate from the definitions. O

Lemmal5.8. Let p: A — B be a continuous homomorphism of linearly topologized
rings. If ¢ is taut and A is weakly pre-admissible, then B is weakly pre-admissible.

Proof. Let I C A be a weak ideal of definition. Then the closure J of I B is open
and consists of topologically nilpotent elements by Lemma [f.10] Hence J is a weak
ideal of definition of B. |

Lemmal5.9. Let p: A — B be a continuous homomorphism of linearly topologized
rings. If ¢ is taut and A is pre-admissible, then B is pre-admissible.

Proof. Let I C A be an ideal of definition. Let Iy C A be a fundamental system
of open ideals. Then the closure J of IB is open and the closures Jy of I\ B are
open and form a fundamental system of open ideals of B. For every A there is an
n such that I™ C I,. Observe that J" is contained in the closure of I B. Thus
J"™ C Jy and we conclude J is an ideal of definition. O

Lemma 5.10. Let ¢ : A — B be a continuous homomorphism of linearly topolo-
gized rings. Assume

(1) ¢ is taut and has dense image,
(2) A is complete and has a countable fundamental system of open ideals, and
(3) B is separated.

Then ¢ is surjective and open, B is complete, and B = A/K for some closed ideal

K C A.
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Proof. By the open mapping lemma (More on Algebra, Lemma combined
with tautness of ¢, we see the map ¢ is open. Since the image of ¢ is dense, we see
that ¢ is surjective. The kernel K of ¢ is closed as ¢ is continuous. It follows that
B = A/K is complete, see for example Lemma O

6. Adic ring maps
Let us make the following definition.

Definition 6.1. Let A and B be pre-adic topological rings. A ring homomorphism
p:A— Bis adi(EI if there exists an ideal of definition I C A such that the topology
on B is the I-adic topology.

If ¢ : A — B is an adic homomorphism of pre-adic rings, then ¢ is continuous and
the topology on B is the I-adic topology for every ideal of definition I of A.

Lemmal 6.2. Let A — B and B — C be continuous homomorphisms of pre-adic
rings. If A — B and B — C are adic, then A — C is adic.

Proof. Omitted. O

Lemmal 6.3. Let A — B and B — C be continuous homomorphisms of pre-adic
rings. If A — C is adic, then B — C' is adic.

Proof. Choose an ideal of definition I of A. As A — C is adic, we see that IC'is an
ideal of definition of C. As B — (' is continuous, we can find an ideal of definition
J C B mapping into IC. As A — B is continuous the inverse image I’ C I of J in
I is an ideal of definition of A too. Hence I'C' C JC C IC is sandwiched between
two ideals of definition, hence is an ideal of definition itself. ([l

Lemmal 6.4. Let ¢ : A — B be a continuous homomorphism between pre-adic
topological rings. If v is adic, then ¢ is taut.

Proof. Immediate from the definitions. O

The next lemma says two things
(1) the property of being adic ascents along taut maps of complete linearly
topologized rings, and
(2) the properties “p is taut” and “p is adic” are equivalent for continuous
maps ¢ : A — B between adic rings if A has a finitely generated ideal of
definition.

Because of (2) we can say that “tautness” generalizes “adicness” to continuous ring
maps between arbitrary linearly topologized rings. See also Section [23]

Lemmal 6.5. Let ¢ : A — B be a continuous map of linearly topologized rings.
If ¢ 1is taut, A is pre-adic and has a finitely generated ideal of definition, and B
is complete, then B is adic and has a finitely generated ideal of definition and the
ring map @ is adic.

Proof. Choose a finitely generated ideal of definition I of A. Let J, be the closure
of p(I™)B in B. Since B is complete we have B = lim B/J,,. Let B’ =lim B/I"B
be the I-adic completion of B. By Algebra, Lemma the I-adic topology on

B’ is complete and B’/I"B’ = B/I"B. Thus the ring map B’ — B is continuous

3This may be nonstandard terminology.
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and has dense image as B' — B/I"B — B/J, is surjective for all n. Finally, the
map B’ — B is taut because (I"B’')B = I"B and A — B is taut. By Lemma[5.10]
we see that B’ — B is open and surjective. Thus the topology on B is the I-adic
topology and the proof is complete. ([l

7. Weakly adic rings

We suggest the reader skip this section. The following is a natural generalization
of adic rings.

Definition 7.1. Let A be a linearly topologized ring.

(1) We say A is weakly pre—adz'(ﬂ if there exists an ideal I C A such that the
closure of I™ is open for all n > 0 and these closures form a fundamental
system of open ideals.

(2) We say A is weakly adic if A is weakly pre-adic and completeﬂ

For complete linearly topologized rings we have the following implications

adic 4+ Noetherian
adic + finitely generated ideal of definition
adic
weakly adic
admissible + first countable =—————=> admissible

ﬂ

weakly admissible + first countable =———=> weakly admissible

where “first countable” means that our topological ring has a countable fundamental
system of open ideals. There is a similar diagram of implications for noncomplete
linearly topologized rings (i.e., using the notions of pre-adic, weakly pre-adic, pre-
admissible, and weakly pre-admissible). Contrary to what happens with pre-adic
rings the completion of a weakly pre-adic ring is weakly adic as the following lemma
characterizing weakly pre-adic rings shows.

Lemmal 7.2. Let A be a linearly topologized ring. The following are equivalent
(1) A is weakly pre-adic,
(2) there exists a taut continuous ring map A’ — A where A’ is a pre-adic
topological ring, and
(3) A is pre-admissible and there exists an ideal of definition I such that the
closure of I' is open for allm > 1, and

4In [GRO4] the authors say A is c-adic.

5By our conventions this includes separated.

[GRO4, Definition
8.3.8]
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(4) A is pre-admissible and for every ideal of definition I the closure of I™ is
open for alln > 1.

The completion of a weakly pre-adic ring is weakly adic. If A is weakly adic, then
A is admissible and has a countable fundamental system of open ideals.

Proof. Assume (1). Choose an ideal I such that the closure of I" is open for all
n and such that these closures form a fundamental system of open ideals. Denote
A’ = A endowed with the I-adic topology. Then A’ — A is taut by definition and
we see that (2) holds.

Assume (2). Let I’ C A’ be an ideal of definition. Denote I the closure of I’ A.
Tautness of A’ — A means that the closures I,, of (I')"A are open and form a
fundamental system of open ideals. Thus I = I; is open and the closures of I™ are
equal to I,, and hence open and form a fundamental system of open ideals. Thus

certainly I is an ideal of definition such that the closure of I™ is open for all n.
Hence (3) holds.

If I C Ais asin (3), then I is an ideal as in Definition and we see that (1)
holds. Also, if I’ C A is any other ideal of definition, then I’ is open (see More
on Algebra, Definition and hence contains I" for some n > 1. Thus (I")™
contains I"™™ for all m > 1 and we conclude that the closures of (I’)" are open for
all m. In this way we see that (3) implies (4). The implication (4) = (3) is trivial.

Let A be weakly pre-adic. Choose A’ — A as in (2). By Lemmas and the
composition A" — A" is taut. Hence A" is weakly pre-adic by the equivalence of
(2) and (1). Since the completion of a linearly topologized ring A is complete (More
on Algebra, Section we see that A" is weakly adic.

Let A be weakly adic. Then A is complete and and pre-admissible by (1) = (3)
and hence A is admissible. Of course by definition A has a countable fundamental
system of open ideals. |

We give two criteria that guarantee that a weakly adic ring is adic and has a finitely
generated ideal of definition.

Lemmal 7.3. Let A be a complete linearly topologized ring. Let I C A be a
finitely generated ideal such that the closure of I™ is open for all m > 0 and these
closures form a fundamental system of open ideals. Then A is adic and has a finitely
generated ideal of definition.

Proof. Denote A’ the ring A endowed with the I-adic topology. The assumptions
tells us that A — A is taut. We conclude by Lemma (to be sure, this lemma
also tells us that I is an ideal of definition). O

Lemma 7.4. Let A be a weakly adic topological ring. Let I be an ideal of definition
such that I /I is a finitely generated module where Iy is the closure of I1?. Then A
is adic and has a finitely generated ideal of definition.

Proof. We use the characterization of Lemmal[7.2l without further mention. Choose
fi,..., fr € I which map to generators of I/I5. Set I' = (f1,...,fr). We have
I' + I, = I. Then I, is the closure of I? = (I’ + I5)?> C I’ + I3 where I3 is the
closure of I3. Hence I' + I3 = I. Continuing in this fashion we see that I’ +1I,, = I
for all n > 2 where I,, is the closure of I"”. In other words, the closure of I’ in A
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is I. Hence the closure of (I’)™ is I,,. Thus the closures of (I’)" are a fundamental
system of open ideals of A. We conclude by Lemma [7.3] O

A key feature of the property “weakly pre-adic” is that it ascents along taut ring
homomorphisms of linearly topologized rings.

Lemmal7.5. Let p: A — B be a continuous homomorphism of linearly topologized
rings. If ¢ is taut and A is weakly pre-adic, then B is weakly pre-adic.

Proof. Let I C A be an ideal such that the closure I,, of I™ is open and these
closures define a fundamental system of open ideals. Then the closure of I"B is
equal to the closure of I,, B. Since ¢ is taut, these closures are open and form a
fundamental system of open ideals of B. Hence B is weakly pre-adic. (|

Lemmal 7.6. Let B — A and B — C be continuous homomorphisms of linearly
topologized rings. If A and C are weakly pre-adic, then ARpC is weakly adic.

Proof. We will use the characterization of Lemma [Z.2] without further mention.
By Lemma we know that A®pC is admissible. Moreover, the proof of that
lemma shows that the closure K € A®pC is an ideal of definition, when I C A
and J C C of I(A®pC) + J(A®pC) are ideals of definition. Then it suffices to
show that the closure of K™ is open for all n > 1. Since the ideal K™ contains
I"(A®pC) +J"(A®pC), since the closure of I" in A is open, and since the closure
of J" in C' is open, we see that the closure of K™ is open in A®pzC. (]

8. Descending properties

In this section we consider the following situation

(1) ¢ : A — B is a continuous map of linearly topologized topological rings,

(2) ¢ is taut, and

(3) for every open ideal I C A if J C B denotes the closure of IB, then the
map A/I — B/J is faithfully flat.

We are going to show that properties of B are inherited by A in this situation.

Lemma 8.1. In the situation above, if B has a countable fundamental system of
open ideals, then A has a countable fundamental system of open ideals.

Proof. Choose a fundamental system B O J; D Jy D ... of open ideals. By
tautness of ¢, for every n we can find an open ideal I,, such that J, O I,,B. We
claim that I, is a fundamental system of open ideals of A. Namely, suppose that
I C Ais open. As y is taut, the closure of I B is open and hence contains .J,, for
some n large enough. Hence I,,B C IB. Let J be the closure of IB in B. Since
A/I — B/J is faithfully flat, it is injective. Hence, since I, — A/I — B/J is
zero as I,B C IB C J, we conclude that I,, — A/I is zero. Hence I,, C I and we
win. (]

Lemma 8.2. [In the situation above, if B is weakly pre-admissible, then A is weakly
pre-admissible.

Proof. Let J C B be a weak ideal of definition. Let I C A be an open ideal such
that IB C J. To show that I is a weak ideal of definition we have to show that any
f € I is topologically nilpotent. Let I’ C A be an open ideal. Denote J' C B the
closure of I'B. Then A/I' — B/J' is faithfully flat, hence injective. Thus in order
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to show that f™ € I’ it suffices to show that ¢(f)™ € J’. This holds for n > 0 since
o(f) € J, the ideal J is a weak ideal of defintion of B, and J' is open in B. O

Lemma 8.3. In the situation above, if B is pre-admissible, then A is pre-admissible.

Proof. Let J C B be a weak ideal of definition. Let I C A be an open ideal such
that IB C J. Let I' C A be an open ideal. To show that I is an ideal of definition
we have to show that I™ C I’ for n > 0. Denote J’ C B the closure of I'B. Then
A/I' — B/J' is faithfully flat, hence injective. Thus in order to show that I™ C I’
it suffices to show that ¢(I)™ C J’. This holds for n > 0 since ¢(I) C J, the ideal
J is an ideal of defintion of B, and .J’ is open in B. |

Lemmal 8.4. [In the situation above, if B is weakly pre-adic, then A is weakly
pre-adic.

Proof. We will use the characterization of weakly pre-adic rings given in Lemma
[7-2) without further mention. By Lemmal[8.3|the topological ring A is pre-admissible.
Let I C A be an ideal of definition. Fix n > 1. To prove the lemma we have to
show that the closure of I"™ is open. Let I C A be a fundamental system of open
ideals. Denote J C B, resp. Jy C B the closure of I B, resp. I\ B. Since B is weakly
pre-adic, the closure of J™ is open. Hence there exists a A such that

J\ C ﬂM(J" + 7))

because the right hand side is the closure of J” by Lemma This means that
the image of Jy in B/J), is contained in the image of J" in B/J,,. Observe that the
image of J" in B/J, is equal to the image of I"B in B/J,, (since every element of
J is congruent to an element of /B modulo J,). Since A/I, — B/J, is faithfully
flat and since IxB C Jy, we conclude that the image of I in A/I, is contained
in the image of I™. We conclude that Iy is contained in the closure of I™ and the
proof is complete. O

Lemma 8.5. In the situation above, if B is adic and has a finitely generated ideal
of definition and A is complete, then A is adic and has a finitely generated ideal of
definition.

Proof. We already know that A is weakly adic and a fortiori admissible by Lemma
(and Lemma[7.2] to see that adic rings are weakly adic). Let I C A be an ideal
of definition. Let J C B be a finitely generated ideal of definition. Since the closure
of IB is open, we can find an n > 0 such that J" is contained in the closure of
IB. Thus after replacing J by J™ we may assume J is a finitely generated ideal of
definition contained in the closure of IB. By Lemma this certainly implies that

JCIB+ J?

Consider the finitely generated A-module M = (J + IB)/IB. The displayed equa-
tion shows that JM = M. By Lemma (for example) we see that J is contained

in the Jacobson radical of B. Hence by Nakayama’s lemma, more precisely part
(2) of Algebra, Lemma we conclude M = 0. Thus J C IB.

Since J is finitely generated, we can find a finitely generated ideal I’ C I such that
J C I'B. Since A — B is continuous, J C B is open, and I is an ideal of definition,
we can find an n > 0 such that I"B C J. Let J,+1 C B be the closure of "B,
We have

" (BfJus1) € T+ (B Jus1) € T (B Jui1)
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Since A/I" ™ — B/J,1 is faithfully flat, this implies I™-(A/I" ™) C I'- (A/I"T)
which in turn means

mcr+rtt
This implies 1" C I' + I"** for all k > 1 which in turn implies that "™ C
(I')™ + I+ for all k,m > 1. This implies that the closure of (I')™ contains I"™.
Since the closure of I™™ is open as A is weakly adic, we conclude that the closure
(I')™ is open for all m. Since these closures form a fundamental system of open

ideals of A (as the same thing is true for the closures of I"™) we conclude by Lemma
(.3 (]

9. Affine formal algebraic spaces

In this section we introduce affine formal algebraic spaces. These will in fact be the
same as what are called affine formal schemes in [BD]. However, we will call them
affine formal algebraic spaces, in order to prevent confusion with the notion of an
affine formal scheme as defined in [DG67].

Recall that a thickening of schemes is a closed immersion which induces a surjection
on underlying topological spaces, see More on Morphisms, Definition

Definition 9.1. Let S be a scheme. We say a sheaf X on (Sch/S) ppr is an affine
formal algebraic space if there exist

(1) a directed set A,
(2) a system (X, fau) over A in (Sch/S) fppy where
(a) each X is affine,
(b) each fy, : Xy — X, is a thickening,
such that
X = Colim)\e/\ X)\
as fppf sheaves and X satisfies a set theoretic condition (see Remark . A
morphism of affine formal algebraic spaces over S is a map of sheaves.

Observe that the system (X, fy,) is not part of the data. Suppose that U is a
quasi-compact scheme over S. Since the transition maps are monomorphisms, we
see that

X (U) = colim X (U)
by Sites, Lemma Thus the fppf sheafification inherent in the colimit of the
definition is a Zariski sheafification which does not do anything for quasi-compact
schemes.

Lemma 9.2. Let S be a scheme. If X is an affine formal algebraic space over
S, then the diagonal morphism A : X — X xg X is representable and a closed
1mmersion.

Proof. Suppose given U — X and V — X where U,V are schemes over S. Let
us show that U xx V is representable. Write X = colim X as in Definition @
The discussion above shows that Zariski locally on U and V' the morphisms factors
through some X,. In this case U xx V = U xx, V which is a scheme. Thus the
diagonal is representable, see Spaces, Lemma Given (a,b) : W — X xg X
where W is a scheme over S consider the map X XA xxsx,(a,0) W — W. As before
locally on W the morphisms a and b map into the affine scheme X, for some A and
then we get the morphism X Xa, x,xsxx,(ap) W — W. This is the base change
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of Ay : X, — X, xXg X which is a closed immersion as X, — S is separated
(because X is affine). Thus X — X xg X is a closed immersion. O

A morphism of schemes X — X' is a thickening if it is a closed immersion and in-
duces a surjection on underlying sets of points, see (More on Morphisms, Definition
. Hence the property of being a thickening is preserved under arbitrary base
change and fpqc local on the target, see Spaces, Section |4l Thus Spaces, Definition
applies to “thickening” and we know what it means for a representable transfor-
mation F' — G of presheaves on (Sch/S)pps to be a thickening. We observe that
this does not clash with our definition (More on Morphisms of Spaces, Definition
of thickenings in case F' and G are algebraic spaces.

Lemma 9.3. Let X,A € A and X = colim X be as in Definition . Then
X — X is representable and a thickening.

Proof. The statement makes sense by the discussion in Spaces, Section |3| and
By Lemma [9.2] the morphisms X, — X are representable. Given U — X
where U is a scheme, then the discussion following Definition [0.1] shows that Zariski
locally on U the morphism factors through some X, with A < p. In this case
Uxx X)x=UXxx, Xy sothat U xx X, — U is a base change of the thickening
Xy — Xu. |

Lemma 9.4. Let Xy, A € A and X = colim X, be as in Definition . IfY is a
quasi-compact algebraic space over S, then any morphism Y — X factors through
an Xy.

Proof. Choose an affine scheme V and a surjective étale morphism V' — Y. The
composition V. — Y — X factors through X for some A by the discussion following
Definition Since V' — Y is a surjection of sheaves, we conclude. ([

Lemma 9.5. Let S be a scheme. Let X be a sheaf on (Sch/S)fpps. Then X is
an affine formal algebraic space if and only if the following hold

(1) any morphism U — X where U is an affine scheme over S factors through
a morphism T — X which is representable and a thickening with T an
affine scheme over S, and

(2) a set theoretic condition as in Remark[11.5

Proof. It follows from Lemmas and that an affine formal algebraic space
satisfies (1) and (2). In order to prove the converse we may assume X is not empty.
Let A be the category of representable morphisms 7" — X which are thickenings
where T is an affine scheme over S. This category is directed. Since X is not
empty, A contains at least one object. If T — X and 77 — X are in A, then
we can factor TII T — X through T” — X in A. Between any two objects of
A there is a unique arrow or none. Thus A is a directed set and by assumption
X = colimy_, x in o T. To finish the proof we need to show that any arrow T° — T”
in A is a thickening. This is true because 7' — X is a monomorphism of sheaves,
so that T = T xp T/ = T Xx T’ and hence the morphism T — T’ equals the
projection T'x x T — T’ which is a thickening because T'— X is a thickening. O

For a general affine formal algebraic space X there is no guarantee that X has
enough functions to separate points (for example). See Examples, Section To
characterize those that do we offer the following lemma.
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O0AIC |Lemma 9.6. Let S be a scheme. Let X be an fppf sheaf on (Sch/S) ppy which
satisfies the set theoretic condition of Remark[I1.5, The following are equivalent:

(1) there exists a weakly admissible topological ring A over S (see Remark
such that X = COlimICA weak ideal of definition SpeC(A/I)>

(2) X is an affine formal algebraic space and there exists an S-algebra A and
a map X — Spec(A) such that for a closed immersion T — X with T an
affine scheme the composition T — Spec(A) is a closed immersion,

(3) X is an affine formal algebraic space and there exists an S-algebra A and
a map X — Spec(A) such that for a closed immersion T — X with T a
scheme the composition T — Spec(A) is a closed immersion,

(4) X is an affine formal algebraic space and for some choice of X = colim X
as in Definition[9.1] the projections imT'(Xy, Ox, ) — I'(Xx, Ox, ) are sur-
jective,

(5) X is an affine formal algebraic space and for any choice of X = colim X
as in Definition[9.1] the projections imT'(Xy, Ox, ) — I'(Xx, Ox, ) are sur-
jective.

Moreover, the weakly admissible topological ring is A = imT'(Xy, Ox,) endowed
with its limit topology and the weak ideals of definition classify exactly the mor-
phisms T — X which are representable and thickenings.

Proof. It is clear that (5) implies (4).

Assume (4) for X = colim X as in Definition Set A =1limT'(X,,Ox,). Let
T — X be a closed immersion with T' a scheme (note that T'— X is representable
by Lemma . Since X, — X is a thickening, so is X xx T'— T. On the other
hand, X, xx T — X, is a closed immersion, hence Xy x x T is affine. Hence T is
affine by Limits, Proposition Then T' — X factors through X, for some A\ by
Lemma Thus A — I'(X, 0) — I'(T, O) is surjective. In this way we see that
(3) holds.

It is clear that (3) implies (2).

Assume (2) for A and X — Spec(A). Write X = colim X, as in Definition
Then Ay = I'(X,,0) is a quotient of A by assumption (2). Hence A" = lim A,
is a complete topological ring, see discussion in More on Algebra, Section The
maps A" — A, are surjective as A — Ay is. We claim that for any A\ the kernel
I, C A" of A® — A, is a weak ideal of definition. Namely, it is open by definition
of the limit topology. If f € I, then for any 1 € A the image of f in A, is zero
in all the residue fields of the points of X,,. Hence it is a nilpotent element of A,,.
Hence some power " € I,,. Thus f* — 0 as n — 0. Thus A" is weakly admissible.
Finally, suppose that I C A" is a weak ideal of definition. Then I C A” is open
and hence there exists some A such that I D I). Thus we obtain a morphism
Spec(A”/I) — Spec(Ay) — X. Then it follows that X = colim Spec(A”/I) where
now the colimit is over all weak ideals of definition. Thus (1) holds.

Assume (1). In this case it is clear that X is an affine formal algebraic space. Let
X = colim X, be any presentation as in Definition For each A we can find a
weak ideal of definition I C A such that X\ — X factors through Spec(4/I) — X,
see Lemmal[9.4] Then X, = Spec(A/I,) with I C I,. Conversely, for any weak ideal
of definition I C A the morphism Spec(A/I) — X factors through X for some A,
i.e., Iy C I. It follows that each I is a weak ideal of definition and that they form a
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cofinal subset of the set of weak ideals of definition. Hence A = lim A/I = lim A/T,
and we see that (5) is true and moreover that A =1limI'(X,, Ox, ). O

With this lemma in hand we can make the following definition.

Definition 9.7. Let S be a scheme. Let X be an affine formal algebraic space
over S. We say X is McQuillan if X satisfies the equivalent conditions of Lemma
[0:6] Let A be the weakly admissible topological ring associated to X. We say
(1) X is classical if X is McQuillan and A is admissible (More on Algebra,
Definition ,
(2) X is weakly adic if X is McQuillan and A is weakly adic (Definition ,
(3) X is adic if X is McQuillan and A is adic (More on Algebra, Definition
)
(4) X is adic*if X is McQuillan, A is adic, and A has a finitely generated ideal
of definition, and
(5) X is Noetherian if X is McQuillan and A is both Noetherian and adic.

In [FK] they use the terminology “of finite ideal type” for the property that an adic
topological ring A contains a finitely generated ideal of definition. Given an affine
formal algebraic space X here are the implications among the notions introduced
in the definition:

X Noetherian =—= X adic* =———=> X adic

X weakly adic == X classical == X McQuillan
See discussion in Section [7] and for a precise statement see Lemma [T0.3]

Remark| 9.8. The classical affine formal algebraic spaces correspond to the affine
formal schemes considered in EGA ([DG67]). To explain this we assume our base
scheme is Spec(Z). Let X = Spf(A) be an affine formal scheme. Let hy be its
functor of points as in Lemma Then hx = colim hgpec(a/r) Where the colimit
is over the collection of ideals of definition of the admissible topological ring A.
This follows from when evaluating on affine schemes and it suffices to check
on affine schemes as both sides are fppf sheaves, see Lemma Thus hx is an
affine formal algebraic space. In fact, it is a classical affine formal algebraic space
by Definition Thus Lemma tells us the category of affine formal schemes is
equivalent to the category of classical affine formal algebraic spaces.

Having made the connection with affine formal schemes above, it seems natural to
make the following definition.

Definition 9.9. Let S be a scheme. Let A be a weakly admissible topological ring
over S, see Definition The formal spectrum of A is the affine formal algebraic
space

Spf(A) = colim Spec(A/T)
where the colimit is over the set of weak ideals of definition of A and taken in the
category Sh((Sch/S) ppr)-

63ee More on Algebra, Definition for the classical case and see Remark for a discussion
of differences.
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Such a formal spectrum is McQuillan by construction and conversely every McQuil-
lan affine formal algebraic space is isomorphic to a formal spectrum. To be sure,
in our theory there exist affine formal algebraic spaces which are not the formal
spectrum of any weakly admissible topological ring. Following [Yas09] we could in-
troduce S-pro-rings to be pro-objects in the category of S-algebras, see Categories,
Remark Then every affine formal algebraic space over S would be the formal
spectrum of such an S-pro-ring. We will not do this and instead we will work
directly with the corresponding affine formal algebraic spaces.

The construction of the formal spectrum is functorial. To explain thislet ¢ : B — A
be a continuous map of weakly admissible topological rings over S. Then

Spf(p) : Spf(B) — Spf(A)
is the unique morphism of affine formal algebraic spaces such that the diagrams

Spec(B/J) — Spec(A/I)

| l

Spf(B) Spf(A)

commute for all weak ideals of definition I C A and J C B with ¢(I) C J. Since
continuity of ¢ implies that for every weak ideal of definition J C B there is a
weak ideal of definition I C A with the required property, we see that the required
commutativities uniquely determine and define Spf(yp).

Lemmal 9.10. Let S be a scheme. Let A, B be weakly admissible topological rings
over S. Any morphism f : Spf(B) — Spf(A) of affine formal algebraic spaces over
S is equal to Spf(f*) for a unique continuous S-algebra map f*: A — B.

Proof. Let f : Spf(B) — Spf(A) be as in the lemma. Let J C B be a weak ideal
of definition. By Lemma there exists a weak ideal of definition I C A such
that Spec(B/J) — Spf(B) — Spf(A) factors through Spec(A/I). By Schemes,
Lemma we obtain an S-algebra map A/I — B/J. These maps are compatible
for varying J and define the map f*: A — B. This map is continuous because for
every weak ideal of definition J C B there is a weak ideal of definition I C A such
that f*(I) C J. The equality f = Spf(f*) holds by our choice of the ring maps
A/I — B/J which make up f*. U

Lemma 9.11. Let S be a scheme. Let f : X — Y be a map of presheaves on
(Sch/S) tpps- If X is an affine formal algebraic space and f is representable by
algebraic spaces and locally quasi-finite, then f is representable (by schemes).

Proof. Let T be a scheme over S and T'— Y a map. We have to show that the
algebraic space X xy T is a scheme. Write X = colim X as in Definition [0.1] Let
W C X xy T be a quasi-compact open subspace. The restriction of the projection
X xy T — X to W factors through X, for some A. Then

W —= X\xsgT
is a monomorphism (hence separated) and locally quasi-finite (because W — X xy
T — T is locally quasi-finite by our assumption on X — Y, see Morphisms of

Spaces, Lemma [27.8). Hence W is a scheme by Morphisms of Spaces, Proposition
Thus X xy T is a scheme by Properties of Spaces, Lemma [13.1 (]
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10. Countably indexed affine formal algebraic spaces
These are the affine formal algebraic spaces as in the following lemma.

Lemma 10.1. Let S be a scheme. Let X be an affine formal algebraic space over
S. The following are equivalent

(1) there exists a system X1 — Xo — X3 — ... of thickenings of affine schemes
over S such that X = colim X,

(2) there exists a choice X = colim X as in Definition such that A is
countable.

Proof. This follows from the observation that a countable directed set has a cofinal
subset isomorphic to (N, >). See proof of Algebra, Lemma m (]

Definition 10.2. Let S be a scheme. Let X be an affine formal algebraic space
over S. We say X is countably indexed if the equivalent conditions of Lemma [10.1
are satisfied.

In the language of [BD] this is expressed by saying that X is an Ng-ind scheme.

Lemma 10.3. Let X be an affine formal algebraic space over a scheme S.

1) If X is Noetherian, then X is adic*.

2) If X is adic*, then X is adic.

3) If X is adic, then X is weakly adic.

4) If X is weakly adic, then X is classical.

5) If X is weakly adic, then X is countably indexed.
6) If X is countably indexed, then X is McQuillan.

Proof. Statements (1), (2), (3), and (4) follow by writing X = Spf(A) and where
A is a weakly admissible (hence complete) linearly topologized ring and using the
implications between the various types of such rings discussed in Section

Proof of (5). By definition there exists a weakly adic topological ring A such that
X = colim Spec(A/I) where the colimit is over the ideals of definition of A. As
A is weakly adic, there exits in particular a countable fundamental system I of
open ideals, see Definition[7.1} Then X = colim Spec(A/I,,) by definition of Spf(A).
Thus X is countably indexed.

Proof of (6). Write X = colim X,, for some system X; — X — X3 — ... of
thickenings of affine schemes over S. Then

A =1limI(X,,0Ox,)

surjects onto each I'(X,,, Ox, ) because the transition maps are surjections as the
morphisms X,, — X,,4+1 are closed immersions. Hence X is McQuillan. U

Lemma 10.4. Let S be a scheme. Let X be a presheaf on (Sch/S)sppy. The
following are equivalent

(1) X is a countably indexed affine formal algebraic space,

(2) X = Spf(A) where A is a weakly admissible topological S-algebra which has
a countable fundamental system of neighbourhoods of 0,

(3) X = Spf(A) where A is a weakly admissible topological S-algebra which has
a fundamental system A DI D Iy D I3 D ... of weak ideals of definition,
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(4) X = Spf(A) where A is a complete topological S-algebra with a fundamental
system of open neighbourhoods of 0 given by a countable sequence A D I; D
I, D I3 D ... of ideals such that I,,/I,+1 is locally nilpotent, and

(5) X = Spf(A) where A = lim B/J,, with the limit topology where B D J1 D
Ja D J3 D ... is a sequence of ideals in an S-algebra B with J,, /Jp41 locally
nilpotent.

Proof. Assume (1). By Lemmal[10.3| we can write X = Spf(A) where A is a weakly
admissible topological S-algebra. For any presentation X = colim X,, as in Lemma
10.1| part (1) we see that A = lim A4,, with X,, = Spec(4,,) and A,, = A/I, for some
weak ideal of definition I,, C A. This follows from the final statement of Lemma [0.6]
which moreover implies that {I,,} is a fundamental system of open neighbourhoods
of 0. Thus we have a sequence

ADL DI, DI3D ...

of weak ideals of definition with A = lim A/I,,. In this way we see that condition
(1) implies each of the conditions (2) — (5).

Assume (5). First note that the limit topology on A = lim B/J,, is a linearly
topologized, complete topology, see More on Algebra, Section If f € A maps
to zero in B/Jp, then some power maps to zero in B/Jy as its image in Jy/Js is
nilpotent, then a further power maps to zero in Jy/J3, etc, etc. In this way we
see the open ideal Ker(A — B/J1) is a weak ideal of definition. Thus A is weakly
admissible. In this way we see that (5) implies (2).

It is clear that (4) is a special case of (5) by taking B = A. It is clear that (3) is a
special case of (2).

Assume A isasin (2). Let E, be a countable fundamental system of neighbourhoods
of 0 in A. Since A is a weakly admissible topological ring we can find open ideals
I, C E,. We can also choose a weak ideal of definition J € A. Then J NI, is
a fundamental system of weak ideals of definition of A and we get X = Spf(A) =
colim Spec(A/(J N I,,)) which shows that X is a countably indexed affine formal
algebraic space. ([l

Lemmal 10.5. Let S be a scheme. Let X be an affine formal algebraic space. The
following are equivalent

(1) X is Noetherian,

(2) X is adic* and for every closed immersion T — X with T a scheme, T is
Noetherian,

(3) X is adic* and for some choice of X = colim Xy as in Definition[9.1] the
schemes X are Noetherian, and

(4) X is weakly adic and for some choice X = colim X as in Deﬁm’tion
the schemes X are Noetherian.

Proof. Assume X is Noetherian. Then X = Spf(A) where A is a Noetherian adic
ring. Let T" — X be a closed immersion where T is a scheme. By Lemma
we see that T is affine and that T — Spec(A) is a closed immersion. Since A is
Noetherian, we see that 7' is Noetherian. In this way we see that (1) = (2).

The implications (2) = (3) and (2) = (4) are immediate (see Lemma |10.3]).
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To prove (3) = (1) write X = Spf(A) for some adic ring A with finitely generated
ideal of definition I. We are also given that the rings A/I are Noetherian for some
fundamental system of open ideals I. Since [ is open, we can find a A such that
I, C I. Then A/I is Noetherian and we conclude that A is Noetherian by Algebra,
Lemma, [97.5

To prove (4) = (3) write X = Spf(A) for some weakly adic ring A. Then A
is admissible and has an ideal of definition I and the closure I of I? is open,
see Lemma We are also given that the rings A/I, are Noetherian for some
fundamental system of open ideals I. Choose a A such that Iy C Is. Then A/I,
is Noetherian as a quotient of A/I. Hence I/I; is a finite A-module. Hence A is
an adic ring with a finitely generated ideal of definition by Lemma [7.4] Thus X is
adic* and (3) holds. O

11. Formal algebraic spaces

We take a break from our habit of introducing new concepts first for rings, then
for schemes, and then for algebraic spaces, by introducing formal algebraic spaces
without first introducing formal schemes. The general idea will be that a formal
algebraic space is a sheaf in the fppf topology which étale locally is an affine formal
scheme in the sense of [BD]. Related material can be found in [Yas09].

In the definition of a formal algebraic space we are going to borrow some terminology
from Bootstrap, Sections [3] and

Definition 11.1. Let S be a scheme. We say a sheaf X on (Sch/S) fppy is a formal
algebraic space if there exist a family of maps {X; — X},cr of sheaves such that

(1) X; is an affine formal algebraic space,

(2) X; — X is representable by algebraic spaces and étale,

(3) 11 Xi: — X is surjective as a map of sheaves
and X satisfies a set theoretic condition (see Remark . A morphism of formal
algebraic spaces over S is a map of sheaves.

Discussion. Sanity check: an affine formal algebraic space is a formal algebraic
space. In the situation of the definition the morphisms X; — X are representable
(by schemes), see Lemma By Bootstrap, Lemma we could instead of
asking [[ X; — X to be surjective as a map of sheaves, require that it be surjective
(which makes sense because it is representable).

Our notion of a formal algebraic space is very general. In fact, even affine formal
algebraic spaces as defined above are very nasty objects.

Lemma 11.2. Let S be a scheme. If X is a formal algebraic space over S, then
the diagonal morphism A : X — X xg X is representable, a monomorphism, locally
quasi-finite, locally of finite type, and separated.

Proof. Suppose given U — X and V' — X with U, V schemes over S. Then U x x V'
is a sheaf. Choose {X; — X} as in Definition [I1.1] For every i the morphism
UxxXi)xx, VxxX)=UxxV)xxX; =>UxxV

is representable and étale as a base change of X; — X and its source is a scheme
(use Lemmas and [9.11)). These maps are jointly surjective hence U x x V is an
algebraic space by Bootstrap, Theorem The morphism U xx V — U xgV is
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a monomorphism. It is also locally quasi-finite, because on precomposing with the
morphism displayed above we obtain the composition

(UXXXi) XX, (VXXXi)%(UXXXi) Xs(VXXXi)—}UXSV

which is locally quasi-finite as a composition of a closed immersion (Lemma
and an étale morphism, see Descent on Spaces, Lemma [19.2 Hence we conclude
that U x x V is a scheme by Morphisms of Spaces, Proposition [50.2] Thus A is
representable, see Spaces, Lemma [5.10

In fact, since we’ve shown above that the morphisms of schemes U xx V — U xgV
are aways monomorphisms and locally quasi-finite we conclude that A : X —
X Xg X is a monomorphism and locally quasi-finite, see Spaces, Lemma [5.11
Then we can use the principle of Spaces, Lemma[5.8] to see that A is separated and
locally of finite type. Namely, a monomorphism of schemes is separated (Schemes,
Lemma, and a locally quasi-finite morphism of schemes is locally of finite type
(follows from the definition in Morphisms, Section . O

Lemma 11.3. Let S be a scheme. Let f : X — Y be a morphism from an
algebraic space over S to a formal algebraic space over S. Then f is representable
by algebraic spaces.

Proof. Let Z — Y be a morphism where Z is a scheme over S. We have to show
that X xy Z is an algebraic space. Choose a scheme U and a surjective étale
morphism U — X. Then U xy Z — X Xy Z is representable surjective étale
(Spaces, Lemma and U xy Z is a scheme by Lemma Hence the result by
Bootstrap, Theorem [10.1] ]

Remark| 11.4. Modulo set theoretic issues the category of formal schemes a la
EGA (see Section [2)) is equivalent to a full subcategory of the category of formal
algebraic spaces. To explain this we assume our base scheme is Spec(Z). By Lemma
the functor of points hyx associated to a formal scheme X is a sheaf in the fppf
topology. By Lemma 2. the assignment X — hy is a fully faithful embedding of the
category of formal schemes into the category of fppf sheaves. Given a formal scheme
X we choose an open covering X = |J X; with X; affine formal schemes. Then hx,
is an affine formal algebraic space by Remark The morphisms hx, — hx are
representable and open immersions. Thus {hx, — hx} is a family as in Definition
and we see that hx is a formal algebraic space.

Remark 11.5. Let S be a scheme and let (Sch/S)sppr be a big fppf site as in
Topologies, Definition As our set theoretic condition on X in Definitions
and we take: there exist objects U, R of (Sch/S)spps, & morphism U — X
which is a surjection of fppf sheaves, and a morphism R — U xx U which is a
surjection of fppf sheaves. In other words, we require our sheaf to be a coequalizer
of two maps between representable sheaves. Here are some observations which
imply this notion behaves reasonably well:

(1) Suppose X = colimyep X and the system satisfies conditions (1) and (2)
of Definition Then U = [],c, Xx — X is a surjection of fppf sheaves.
Moreover, U X x U is a closed subscheme of U xg U by Lemma [9.2] Hence
if U is representable by an object of (Sch/S) ppr then U x g U is too (see
Sets, Lemma and the set theoretic condition is satisfied. This is always
the case if A is countable, see Sets, Lemma
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(2) Sanity check. Let {X; — X }ies be as in Definition (with the set theo-
retic condition as formulated above) and assume that each X; is actually an
affine scheme. Then X is an algebraic space. Namely, if we choose a larger
big fppf site (Sch'/S) tpps such that U’ = [ X; and R’ =[] X; xx X are
representable by objects in it, then X’ = U’/R’ will be an object of the
category of algebraic spaces for this choice. Then an application of Spaces,
Lemma shows that X is an algebraic space for (Sch/S)fpps-

(3) Let {X; — X}icr be a family of maps of sheaves satisfying conditions (1),
(2), (3) of Definition [I1.1] For each i we can pick U; € Ob((Sch/S) sppy)
and U; — X; which is a surjection of sheaves. Thus if I is not too large (for
example countable) then U = [[U; — X is a surjection of sheaves and U
is representable by an object of (Sch/S)spps. To get R € Ob((Sch/S) rppr)
surjecting onto U X x U it suffices to assume the diagonal A : X — X xg X
is not too wild, for example this always works if the diagonal of X is quasi-
compact, i.e., X is quasi-separated.

12. The reduction

All formal algebraic spaces have an underlying reduced algebraic space as the fol-
lowing lemma demonstrates.

Lemma 12.1. Let S be a scheme. Let X be a formal algebraic space over S. There
exists a reduced algebraic space X,.q and a representable morphism X,eq — X
which is a thickening. A morphism U — X with U a reduced algebraic space
factors uniquely through X eq.

Proof. First assume that X is an affine formal algebraic space. Say X = colim X
as in Definition Since the transition morphisms are thickenings, the affine
schemes X all have isomorphic reductions X,.q. The morphism X,.q — X is
representable and a thickening by Lemma [0.3] and the fact that compositions of
thickenings are thickenings. We omit the verification of the universal property (use
Schemes, Definition Schemes, Lemma Properties of Spaces, Definition
and Properties of Spaces, Lemma [12.4)).

Let X and {X; — X };cr be asin Deﬁnition For each 7 let X; rcq — X; be the
reduction as constructed above. For 7, j € I the projection X; rcq X x X; = Xj req is
an étale (by assumption) morphism of schemes (by Lemma . Hence X red X x
X is reduced (see Descent, Lemma. Thus the projection X; req X x X; — X
factors through Xj ..q by the universal property. We conclude that

Rij = Xi,red XX Xj = Xi,red XX Xj,red =X; Xx Xj,red

because the morphisms X; ,e.q — X; are injections of sheaves. Set U = [[ X rcq, set
R =[] R;j, and denote s,t : R — U the two projections. As a sheaf R=U xx U
and s and ¢ are étale. Then (¢,s) : R — U defines an étale equivalence relation
by our observations above. Thus X,.q = U/R is an algebraic space by Spaces,
Theorem [I0.5] By construction the diagram

H Xi,red —_— H Xi

L

Xred — X
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is cartesian. Since the right vertical arrow is étale surjective and the top horizontal
arrow is representable and a thickening we conclude that X,..q — X is representable
by Bootstrap, Lemma (to verify the assumptions of the lemma use that a
surjective étale morphism is surjective, flat, and locally of finite presentation and
use that thickenings are separated and locally quasi-finite). Then we can use Spaces,
Lemma to conclude that X,..q — X is a thickening (use that being a thickening
is equivalent to being a surjective closed immersion).

Finally, suppose that U — X is a morphism with U a reduced algebraic space over
S. Then each X; x x U is étale over U and therefore reduced (by our definition of
reduced algebraic spaces in Properties of Spaces, Section . Then X; xx U — X;
factors through X; req. Hence U — X factors through X,.q because {X; x xU — U}
is an étale covering. O

Example| 12.2. Let A be a weakly admissible topological ring. In this case we
have

Spf(A)cqa = Spec(A/a)

where a C A is the ideal of topologically nilpotent elements. Namely, a is a radical
ideal (Lemma }4.10)) which is open because A is weakly admissible.

Lemmal 12.3. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S which is representable by algebraic spaces and smooth (for
example étale). Then X,eq = X Xy Yied.

Proof. (The étale case follows directly from the construction of the underlying
reduced algebraic space in the proof of Lemma ) Assume f is smooth. Observe
that X Xy Y,eq = Yieq is a smooth morphism of algebraic spaces. Hence X Xy Y,.cq
is a reduced algebraic space by Descent on Spaces, Lemma Then the univeral
property of reduction shows that the canonical morphism X, .4 — X Xy Y4 is an
isomorphism. [

Lemma 12.4. Let S be a scheme. Let f: X — Y be a morphism of formal alge-
braic spaces over S which is representable by algebraic spaces. Then f is surjective
in the sense of Bootstrap, Definition if and only if freqa : Xred — Yred 5 @
surjective morphism of algebraic spaces.

Proof. Omitted. O

13. Colimits of algebraic spaces along thickenings

A special type of formal algebraic space is one which can globally be written as a
cofiltered colimit of algebraic spaces along thickenings as in the following lemma.
We will see later (in Section that any quasi-compact and quasi-separated formal
algebraic space is such a global colimit.

Lemmal 13.1. Let S be a scheme. Suppose given a directed set A and a system of
algebraic spaces (X, fau) over A where each fy, : Xx — X, is a thickening. Then
X = colimyep X\ is a formal algebraic space over S.

Proof. Since we take the colimit in the category of fppf sheaves, we see that X is
a sheaf. Choose and fix A € A. Choose an étale covering {X; x — X} where X;
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is an affine scheme over S, see Properties of Spaces, Lemma For each p > A
there exists a cartesian diagram

Xiy—=X;

L

Xy — X,

K

with étale vertical arrows, see More on Morphisms of Spaces, Theorem (this also
uses that a thickening is a surjective closed immersion which satisfies the conditions
of the theorem). Moreover, these diagrams are unique up to unique isomorphism
and hence X;, = X, XX, X, for @' > p. The morphisms Xip — Xy is a
thickening as a base change of a thickening. Each X; , is an affine scheme by Limits
of Spaces, Proposition[I5.2]and the fact that X; ) is affine. Set X; = colim,,>x X ;..
Then X; is an affine formal algebraic space. The morphism X; — X is étale because
given an affine scheme U any U — X factors through X,, for some p > A (details
omitted). In this way we see that X is a formal algebraic space. O

Let S be a scheme. Let X be a formal algebraic space over S. How does one prove
or check that X is a global colimit as in Lemma [13.1]? To do this we look for maps
1 : Z — X where Z is an algebraic space over S and ¢ is surjective and a closed
immersion, in other words, 7 is a thickening. This makes sense as 7 is representable
by algebraic spaces (Lemma and we can use Bootstrap, Definition as
before.

Example 13.2. Let (A, m, ) be a valuation ring, which is (7)-adically complete
for some nonzero m € m. Assume also that m is not finitely generated. An example
is A = Oc, and m = p where Oc,, is the ring of integers of the field of p-adic complex
numbers C,, (this is the completion of the algebraic closure of Q,,). Another example
is
s {Z o go| @ €k and for all n there are only a }
acQ, a>0

finite number of nonzero a, with a <n

and m = ¢. Then X = Spf(A) is an affine formal algebraic space and Spec(k) — X
is a thickening which corresponds to the weak ideal of definition m C A which is
however not an ideal of definition.

Remark 13.3 (Weak ideals of definition). Let X be a formal scheme in the sense
of McQuillan, see Remark An weak ideal of definition for X is an ideal sheaf
T C Ox such that for all & C X affine formal open subscheme the ideal Z(Ll) C
Ox () is a weak ideal of definition of the weakly admissible topological ring Ox (41).
It suffices to check the condition on the members of an affine open covering. There
is a one-to-one correspondence

{weak ideals of definition for X} <> {thickenings i : Z — hx as above}

This correspondence associates to Z the scheme Z = (X, Ox/Z) together with the
obvious morphism to X. A fundamental system of weak ideals of definition is a
collection of weak ideals of definition Z, such that on every affine open formal
subscheme 4 C X the ideals

I, = I)\(}J) C A= F().l, Ox)
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form a fundamental system of weak ideals of definition of the weakly admissible
topological ring A. It suffices to check on the members of an affine open covering.
We conclude that the formal algebraic space hy associated to the McQuillan formal
scheme X is a colimit of schemes as in Lemma if and only if there exists a
fundamental system of weak ideals of definition for X.

Remark 13.4 (Ideals of definition). Let X be a formal scheme a la EGA. An ideal
of definition for X is an ideal sheaf Z C Ox such that for all I C X affine formal
open subscheme the ideal Z(4) C Ox () is an ideal of definition of the admissible
topological ring Ox (). Tt suffices to check the condition on the members of an
affine open covering. We do not get the same correspondence between ideals of
definition and thickenings Z — hx as in Remark [I3.3} an example is given in
Example[I3:2] A fundamental system of ideals of definition is a collection of ideals
of definition Z, such that on every affine open formal subscheme 4 C X the ideals

I, = I)\(ﬂ) CA= F(ﬂ, Ox)

form a fundamental system of ideals of definition of the admissible topological ring
A. Tt suffices to check on the members of an affine open covering. Suppose that X
is quasi-compact and that {Z)} ca is a fundamental system of weak ideals of defi-
nition. If A is an admissible topological ring then all sufficiently small open ideals
are ideals of definition (namely any open ideal contained in an ideal of definition
is an ideal of definition). Thus since we only need to check on the finitely many
members of an affine open covering we see that Z, is an ideal of definition for A
sufficiently large. Using the discussion in Remark [[3.3] we conclude that the formal
algebraic space hx associated to the quasi-compact formal scheme X a la EGA is
a colimit of schemes as in Lemma [I3.1] if and only if there exists a fundamental
system of ideals of definition for X.

14. Completion along a closed subset

Our notion of a formal algebraic space is well adapted to taking the completion
along a closed subset.

Lemma 14.1. Let S be a scheme. Let X be an affine scheme over S. Let T C |X|
be a closed subset. Then the functor

(Sch/S) fpps — Sets, Uwr—{f:U— X | f(JU]) C T}
is a McQuillan affine formal algebraic space.

Proof. Say X = Spec(A) and T corresponds to the radical ideal I C A. Let
U = Spec(B) be an affine scheme over S and let f : U — X be an element of
F(U). Then f corresponds to a ring map ¢ : A — B such that every prime of B
contains ¢(I)B. Thus every element of ¢(I) is nilpotent in B, see Algebra, Lemma
Setting J = Ker(y) we conclude that I/.J is a locally nilpotent ideal in A/.J.
Equivalently, V(J) = V(I) = T. In other words, the functor of the lemma equals
colim Spec(A/J) where the colimit is over the collection of ideals J with V(J) =T.
Thus our functor is an affine formal algebraic space. It is McQuillan (Definition
because the maps A — A/J are surjective and hence AN =1lim A/J — A/J is
surjective, see Lemma [9.6 O
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Lemma 14.2. Let S be a scheme. Let X be an algebraic space over S. Let T C |X|
be a closed subset. Then the functor

(Sch/S) pppg —> Sets, Ur—{f:U—X|f(U|) CT}

is a formal algebraic space.

Proof. Denote F the functor. Let {U; — U} be an fppf covering. Then []|U;| —
|U| is surjective. Since X is an fppf sheaf, it follows that F' is an fppf sheaf.

Let {g; : X; — X} be an étale covering such that X; is affine for all 7, see Properties
of Spaces, Lemma The morphisms F' x x X; — F' are étale (see Spaces, Lemma
and the map [[F xx X; — F is a surjection of sheaves. Thus it suffices
to prove that F' x x X; is an affine formal algebraic space. A U-valued point of
F xx X; is a morphism U — X; whose image is contained in the closed subset
g; (T) C | X;|. Thus this follows from Lemma O

Definition 14.3. Let S be a scheme. Let X be an algebraic space over S. Let
T C |X]| be a closed subset. The formal algebraic space of Lemma is called
the completion of X along T.

In [DG67, Chapter I, Section 10.8] the notation X ,p is used to denote the com-
pletion and we will occasionally use this notation as well. Let f : X — X' be a
morphism of algebraic spaces over a scheme S. Suppose that 7' C |X|and T’ C | X’|
are closed subsets such that |f|(7") C T’. Then it is clear that f defines a morphism
of formal algebraic spaces

X/T — X;T/
between the completions.

Lemma 14.4. Let S be a scheme. Let f: X' — X be a morphism of algebraic
spaces over S. Let T C |X| be a closed subset and let T' = |f|~*(T) C |X'|. Then

X/

| )

- . x

is a cartesian diagram of sheaves. In particular, the morphism X}T, — Xy is
representable by algebraic spaces.

Proof. Namely, suppose that Y — X is a morphism from a scheme into X such
that |Y'| maps into T. Then Y X x X’ — X is a morphism of algebraic spaces such
that |Y xx X’| maps into 7”. Hence the functor Y’ XX)r X;T, is represented by
Y xx X’ and we see that the lemma holds. ([l

Lemma 14.5. Let S be a scheme. Let X be an algebraic space over S. Let T C |X|
be a closed subset. The reduction (X 7)rea of the completion X ,p of X along T is
the reduced induced closed subspace Z of X corresponding to T.

Proof. It follows from Lemma Properties of Spaces, Definition (which
uses Properties of Spaces, Lemma, to construct Z), and the definition of X,z
that Z and (X 7)ca are reduced algebraic spaces characterized the same mapping
property: a morphism g : Y — X whose source is a reduced algebraic space factors
through them if and only if |Y| maps into T' C | X]. O
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Lemma 14.6. Let S be a scheme. Let X = Spec(A) be an affine scheme over S.
Let T'C X be a closed subset. Let X1 be the formal completion of X along T
(1) If X \T is quasi-compact, i.e., T is constructible, then X, is adic*.
(2) If T =V (I) for some finitely generated ideal I C A, then X ,p = Spf(A")
where A is the I-adic completion of A.
(3) If X is Noetherian, then X ,r is Noetherian.

Proof. By Algebra, Lemma if (1) holds, then we can find an ideal I C A as in
(2). If (3) holds then we can find an ideal I C A as in (2). Moreover, completions
of Noetherian rings are Noetherian by Algebra, Lemma All in all we see that
it suffices to prove (2).

Proof of (2). Let I = (f1,...,fr) C A cut out T. If Z = Spec(B) is an affine
scheme and g : Z — X is a morphism with ¢g(Z) C T (set theoretically), then
g*(f:) is nilpotent in B for each 4. Thus I™ maps to zero in B for some n. Hence
we see that X, = colim Spec(A/I™) = Spf(A"). O

The following lemma is due to Ofer Gabber.

Lemma 14.7. Let S be a scheme. Let X = Spec(A) be an affine scheme over S.
LetT'C X be a closed subscheme.

(1) If the formal completion X ; is countably indexed and there exist countably
many f1, f2, f3,... € A such that T =V (f1, fa, f3,...), then X, is adic*.

(2) The conclusion of (1) is wrong if we omit the assumption that T can be cut
out by countably many functions in X.

Proof. The assumption that X7 is countably indexed means that there exists a
sequence of ideals

ADJiDJyDJ3D...

with V(J,,) = T such that every ideal J C A with V(J) = T there exists an n such
that J D J,.

To construct an example for (2) let wy be the first uncountable ordinal. Let k be a
field and let A be the k-algebra generated by x., @ € wi and yag with oo € 5 € wy
subject to the relations zo = yapzs. Let T = V(zy). Let J, = (z). IfJ C A

is an ideal such that V(J) = T, then z» € J for some n, > 1. One of the sets
{a | no = n} must be unbounded in wy. Then the relations imply that J,, C J.

To see that (2) holds it now suffices to show that A" = lim A/J, is not a ring
complete with respect to a finitely generated ideal. For v € wy let A, be the quotient
of A by the ideal generated by x4, o € v and yag3, o € v. As A/Jy is reduced, every
topologically nilpotent element f of lim A/.J, is in J{* = lim J;/J,. This means f
is an infinite series involving only a countable number of generators. Hence f dies
in AY = lim A, /J, A, for some 7. Note that A* — A is continuous and open
by Lemma If the topology on A" was I-adic for some finitely generated ideal
I C A”, then I would go to zero in some AJ). This would mean that A% is discrete,
which is not the case as there is a surjective continuous and open (by Lemma
map A — k[[t] given by x4 > t, Yap — 1 for y = a or v € .

Before we prove (1) we first prove the following: If I C A" is a finitely generated
ideal whose closure I is open, then I = I. Since V(J2) = T there exists an m
such that J2 D J,,. Thus, we may assume that J2 O J,,1 for all n by passing to

Email by Ofer
Gabber of
September 11, 2014.
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a subsequence. Set J) = limy>, J,,/J C A". Since the closure I = (\(I + J)
(Lemma is open we see that there exists an m such that I + J D J/ for all
n > m. Fix such an m. We have

Tl + T D TR (T +Jp) D Ty

for all n > m + 1. Namely, the first inclusion is trivial and the second was shown
above. Because J,,_1J,, D J2_; D J, these inclusions show that the image of J,, in
A" is contained in the ideal J;) I+ J}, . Because this ideal is open we conclude
that

Jpal+Jp DTy

Say I = (g1,--.,9¢). Pick f € J),, ;. Using the last displayed inclusion, valid for
all n > m + 1, we can write by induction on ¢ > 0

f = Z fi,cgi mod J’I’/7§L+1+C
with f; . € J)) and fi . = fic—1 mod J}, .. It follows that I.J;, D J/, ;. Combined

m-+tc*

with I+ J;) ., D J}, we conclude that I is open.

Proof of (1). Assume T = V(f1, fo, f3,-..). Let I,, C A" be the ideal generated by
fi,---y fm. We distinguish two cases.

Case I: For some m the closure of I,,, is open. Then I,,, is open by the result of the
previous paragraph. For any n we have (J,,)? D J,1 by design, so the closure of
(J2)? contains J) ; and thus is open. Taking n large, it follows that the closure
of the product of any two open ideals in A" is open. Let us prove IX is open for
k > 1 by induction on k. The case k = 1 is our hypothesis on m in Case I. For
k > 1, suppose IX~1 is open. Then I¥ = Ik=1.1,, is the product of two open ideals
and hence has open closure. But then since I¥ is finitely generated it follows that
I* is open by the previous paragraph (applied to I = I¥), so we can continue the
induction on k. As each element of I, is topologically nilpotent, we conclude that
I,,, is an ideal of definition which proves that A" is adic with a finitely generated
ideal of definition, i.e., X, is adic*.

Case I1. For all m the closure I,,, of I,, is not open. Then the topology on A"/I,,
is not discrete. This means we can pick ¢(m) > m such that

To see this we have used that A"/(I,, + J)) = A/((f1,-.., fm) + Jn). Choose
exponents e; > 0 such that f* € Jym)41 for 0 <m <. Let J = (f{*, 57, f5°,...).
Then V(J) = T. We claim that J 7 J,, for all n which is a contradiction proving
Case II does not occur. Namely, the image of J in A/(f1,..., fm) is contained in
the image of Jy(,,,)41 which is properly contained in the image of J,. (]

15. Fibre products
Obligatory section about fibre products of formal algebraic spaces.

Lemma 15.1. Let S be a scheme. Let {X; — X}ier be a family of maps of
sheaves on (Sch/S)ppr. Assume (a) X; is a formal algebraic space over S, (b)
X; — X is representable by algebraic spaces and étale, and (¢) [[X; — X is a
surjection of sheaves. Then X is a formal algebraic space over S.
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Proof. For each ¢ pick {X;; — X;};es, as in Definition m Then {X;; —
Xtierjeu, is a family as in Definition for X. O

Lemmal 15.2. Let S be a scheme. Let X,Y be formal algebraic spaces over S and
let Z be a sheaf whose diagonal is representable by algebraic spaces. Let X — Z
and Y — Z be maps of sheaves. Then X Xz Y is a formal algebraic space.
Proof. Choose {X; — X} and {Y; — Y} as in Definition[I1.1] Then {X;xzY; —
X xzY} is a family of maps which are representable by algebraic spaces and étale.
Thus Lemma [I5.0] tells us it suffices to show that X xz Y is a formal algebraic
space when X and Y are affine formal algebraic spaces.

Assume X and Y are affine formal algebraic spaces. Write X = colim X, and
Y = colimY), as in Deﬁnitionl@ Then X xzY = colim X xzY),. Each X, xzY),
is an algebraic space. For A < X and p < g/ the morphism

X\ Xz Y# — X Xzyﬂ/ — X Xzyﬂ/
is a thickening as a composition of base changes of thickenings. Thus we conclude
by applying Lemma [T3.1} O

Lemmal 15.3. Let S be a scheme. The category of formal algebraic spaces over S
has fibre products.

Proof. Special case of Lemma because formal algebraic spaces have repre-
sentable diagonals, see Lemma [11.2 |

Lemma 15.4. Let S be a scheme. Let X — Z and Y — Z be morphisms of
formal algebraic spaces over S. Then (X Xz Y )red = (Xred X2,y Yred)red-

Proof. This follows from the universal property of the reduction in Lemma [12.3]
O

We have already proved the following lemma (without knowing that fibre products
exist).

Lemma 15.5. Let S be a scheme. Let f: X — Y be a morphism of formal alge-
braic spaces over S. The diagonal morphism A : X — X xy X is representable (by
schemes), a monomorphism, locally quasi-finite, locally of finite type, and separated.

Proof. Let T be a scheme and let T'— X Xy X be a morphism. Then
T X(xxyx) X =T X(xxsx) X
Hence the result follows immediately from Lemma [T1.2] O

16. Separation axioms for formal algebraic spaces

This section is about “absolute” separation conditions on formal algebraic spaces.
We will discuss separation conditions for morphisms of formal algebraic spaces later.

Lemma 16.1. Let S be a scheme. Let X be a formal algebraic space over S. The
following are equivalent

(1) the reduction of X (Lemmam s a quasi-separated algebraic space,

(2) for U — X,V — X with U, V quasi-compact schemes the fibre product
U xx V is quasi-compact,

(3) forU — X,V — X with U, V affine the fibre product U xx V is quasi-
compact.
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Proof. Observe that U x x V is a scheme by Lemma Let Ured, Vied, Xreq be
the reduction of U, V, X. Then

Ured Xx,0q Vied = Ured Xx Viea U xXx V

is a thickening of schemes. From this the equivalence of (1) and (2) is clear, keeping
in mind the analogous lemma for algebraic spaces, see Properties of Spaces, Lemma
[3.3] We omit the proof of the equivalence of (2) and (3). O

Lemma 16.2. Let S be a scheme. Let X be a formal algebraic space over S. The
following are equivalent
(1) the reduction of X (Lemma is a separated algebraic space,
(2) forU — X,V — X with U, V affine the fibre product U x x V is affine
and
OU) @z O(V) — OU xx V)
1S surjective.

Proof. If (2) holds, then X4 is a separated algebraic space by applying Properties
of Spaces, Lemma [3.3] to morphisms U — X4 and V' — X,.q with U,V affine and
using that U xx,_,V =U xx V.

Assume (1). Let U — X and V — X be as in (2). Observe that U xx V is a
scheme by Lemma Let Uyed, Vieds Xreq be the reduction of U, V, X. Then

Ured XX ed ‘/Ted = Ured XX ‘/Ted —U XX |4

is a thickening of schemes. It follows that (U Xx V)red = (Ured Xx,.4 Vred)red- In
particular, we see that (U X x V),q is an affine scheme and that

OU) @z O(V) — O((U xx V)rea)

is surjective, see Properties of Spaces, Lemma [3.3] Then U x x V is affine by Limits
of Spaces, Proposition On the other hand, the morphism U xx V — U x V
of affine schemes is the composition

UxxV=XxXxxsx)(UxsV)=UxsgV =UxV

The first morphism is a monomorphism and locally of finite type (Lemma .
The second morphism is an immersion (Schemes, Lemma [21.9)). Hence the compo-
sition is a monomorphism which is locally of finite type. On the other hand, the
composition is integral as the map on underlying reduced affine schemes is a closed
immersion by the above and hence universally closed (use Morphisms, Lemma.
Thus the ring map
OU)®z0(V) — OU xx V)

is an epimorphism which is integral of finite type hence finite hence surjective (use
Morphisms, Lemma and Algebra, Lemma . O

Definition 16.3. Let S be a scheme. Let X be a formal algebraic space over S.
We say
(1) X is quasi-separated if the equivalent conditions of Lemma are satisfied.
(2) X is separated if the equivalent conditions of Lemma are satisfied.

The following lemma implies in particular that the completed tensor product of
weakly admissible topological rings is a weakly admissible topological ring.
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Lemma 16.4. Let S be a scheme. Let X — Z and Y — Z be morphisms of
formal algebraic spaces over S. Assume Z separated.

(1) If X and Y are affine formal algebraic spaces, then so is X xz Y.

(2) If X andY are McQuillan affine formal algebraic spaces, then so is X X zY .

(3) If X, Y, and Z are McQuillan affine formal algebraic spaces corresponding
to the weakly admissible topological S-algebras A, B, and C, then X xzY
corresponds to AR¢cB.

Proof. Write X = colim X and Y = colimY), asin Deﬁnition Then X xzY =
colim X xz Y),. Since Z is separated the fibre products are affine, hence we see
that (1) holds. Assume X and Y corresponds to the weakly admissible topological
S-algebras A and B and X = Spec(A/I,) and Y,, = Spec(B/J,,). Then
X\ xzY, = Xy xY, = Spec(A® B)
is a closed immersion. Thus one of the conditions of Lemma [3.6] holds and we
conclude that X xz Y is McQuillan. If also Z is McQuillan corresponding to C,
then
X\ xz Y, =Spec(A/I\®c B/J,)

hence we see that the weakly admissible topological ring corresponding to X xzY
is the completed tensor product (see Definition . ([

Lemmal 16.5. Let S be a scheme. Let X be a formal algebraic space over S. Let
U — X be a morphism where U is a separated algebraic space over S. Then U — X
s separated.

Proof. The statement makes sense because U — X is representable by algebraic
spaces (Lemma. Let T be a scheme and 7" — X a morphism. We have to show
that U xx T — T is separated. Since U xx T — U Xxg T is a monomorphism, it
suffices to show that U x g1 — T is separated. As this is the base change of U — S
this follows. We used in the argument above: Morphisms of Spaces, Lemmas [4.4]

(8 [[0.3] and [L.11 0

17. Quasi-compact formal algebraic spaces
Here is the characterization of quasi-compact formal algebraic spaces.
Lemmal 17.1. Let S be a scheme. Let X be a formal algebraic space over S. The

following are equivalent

(1) the reduction of X (Lemmam) is a quasi-compact algebraic space,

(2) we can find {X; — X}icr as in Definition [11.4 with I finite,

(3) there exists a morphism' Y — X representable by algebraic spaces which is
étale and surjective and where Y is an affine formal algebraic space.

Proof. Omitted. O

Definition 17.2. Let S be a scheme. Let X be a formal algebraic space over S.
We say X is quasi-compact if the equivalent conditions of Lemma [I7.1] are satisfied.

Lemma 17.3. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. The following are equivalent

(1) the induced map freq : Xreda — Yrea between reductions (Lemma is a
quasi-compact morphism of algebraic spaces,
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(2) for every quasi-compact scheme T and morphism T — Y the fibre product
X Xy T is a quasi-compact formal algebraic space,

(3) for every affine scheme T and morphism T — Y the fibre product X xy T
s a quasi-compact formal algebraic space, and

(4) there exists a covering {Y; — Y} as in Definition such that each
X xy Y; is a quasi-compact formal algebraic space.

Proof. Omitted. O

Definition 17.4. Let S be a scheme. Let f: X — Y be a morphism of formal
algebraic spaces over S. We say f is quasi-compact if the equivalent conditions of
Lemma [I7.3 are satisfied.

This agrees with the already existing notion when the morphism is representable
by algebraic spaces (and in particular when it is representable).

Lemma 17.5. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S which is representable by algebraic spaces. Then f is quasi-
compact in the sense of Definition if and only if f is quasi-compact in the
sense of Bootstrap, Definition [{.1].

Proof. This is immediate from the definitions and Lemma [I7.3 O

18. Quasi-compact and quasi-separated formal algebraic spaces
The following result is due to Yasuda, see [Yas09 Proposition 3.32].

Lemmal 18.1. Let S be a scheme. Let X be a quasi-compact and quasi-separated
formal algebraic space over S. Then X = colim Xy for a system of algebraic spaces
(X, fan) over a directed set A where each fx, : Xy — X, is a thickening.

Proof. By Lemma we may choose an affine formal algebraic space Y and
a representable surjective étale morphism ¥ — X. Write Y = colimY), as in
Definition .11

Pick A € A. Then Y, xx Y is a scheme by Lemma The reduction (Lemma
of Yy x x Y is equal to the reduction of Y,..q X x,., Yreq Which is quasi-compact
as X is quasi-separated and Y,..q is affine. Therefore Y) xx Y is a quasi-compact
scheme. Hence there exists a ¢ > A such that pry : Yy xx Y — Y factors through
Y, see Lemma Let Zy be the scheme theoretic image of the morphism prj :
Y\ xxY —Y,. This is independent of the choice of ;1 and we can and will think of
Zy C Y as the scheme theoretic image of the morphism pry : Yy xx Y — Y.
Observe that Z, is also equal to the scheme theoretic image of the morphism
pry : Y xx Y\ — Y since this is isomorphic to the morphism used to define Z,. We
claim that Z) xx Y =Y X x Z, as subfunctors of Y x x Y. Namely, since Y — X
is étale we see that Z) x x Y is the scheme theoretic image of the morphism

prig=pr; Xxidy : ¥ xx YA xx Y — Y xx Y

by Morphisms of Spaces, Lemma By the same token, Y X x Z) is the scheme
theoretic image of the morphism

prig =idy X pry : Y xx YA XxY — Y xx Y

[Yas09, Proposition
3.32
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The claim follows. Then Ry = Z) xx Y =Y X x Z, together with the morphism
Ry — Zy Xg Z) defines an étale equivalence relation. In this way we obtain an
algebraic space X = Z)/Ry. By construction the diagram

Z)\*>Y

|

X)\4>X

is cartesian (because X is the coequalizer of the two projections R=Y xxY =Y,
because Z, C Y is R-invariant, and because R is the restriction of R to Zy).
Hence X — X is representable and a closed immersion, see Spaces, Lemma [11.5]
On the other hand, since Yy C Z) we see that (X))reqa = Xred, in other words,
X)) — X is a thickening. Finally, we claim that

X = colim X,

We have Y xx X\ = Z) D Y),. Every morphism T'— X where T is a scheme over
S lifts étale locally to a morphism into Y which lifts étale locally into a morphism
into some Y). Hence T' — X lifts étale locally on T to a morphism into X. This
finishes the proof. O

Remark| 18.2. In this remark we translate the statement and proof of Lemma
into the language of formal schemes a la EGA. Looking at Remark we see
that the lemma can be translated as follows

(*) Every quasi-compact and quasi-separated formal scheme has a fundamental
system of ideals of definition.

To prove this we first use the induction principle (reformulated for quasi-compact
and quasi-separated formal schemes) of Cohomology of Schemes, Lemma to
reduce to the following situation: X = U U Y with Ll U open formal subschemes,
with 90 affine, and the result is true for 4, 2, and NY. Pick any ideals of definition
7 C Oy and J C Oyg. By our assumption that we have a fundamental system of
ideals of definition on 4 and U and because U N Y is quasi-compact, we can find
ideals of definition 7' C 7 and J' C J such that

T'urw C Tunw  and  J'|uny C Z|uny

Let U - U — Y and V — V' — U be the closed immersions determined by the
ideals of definition Z/ € Z C Oy and J' € J C Og. Let 4NV denote the open
subscheme of V' whose underlying topological space is that of 4 N*0. By our choice
of 7’ there is a factorization 4NV — U’. We define similarly U NY which factors
through V’. Then we consider

Zy = scheme theoretic image of U Il (UNV) — U’

and
Zy = scheme theoretic image of (UNY) LV — V'

Since taking scheme theoretic images of quasi-compact morphisms commutes with
restriction to opens (Morphisms, Lemma we see that Zy NYW = UN Zy. Thus
Zy and Zy glue to a scheme Z which comes equipped with a morphism Z — X.
Analogous to the discussion in Remark we see that Z corresponds to a weak
ideal of definition Z; C O%. Note that Zy C U’ and that Zy C V’. Thus the
collection of all Z, constructed in this manner forms a fundamental system of weak
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ideals of definition. Hence a subfamily gives a fundamental system of ideals of
definition, see Remark [13.4]

Lemma 18.3. Let S be a scheme. Let X be a formal algebraic space over S. Then
X is an affine formal algebraic space if and only if its reduction X,eq (Lemmam)
is affine.

Proof. By Lemmas and and Definitions and we see that X
is quasi-compact and quasi-separated. By Yasuda’s lemma (Lemma we can
write X = colim X as a filtered colimit of thickenings of algebraic spaces. However,
each X, is affine by Limits of Spaces, Lemma because (X3 )req = Xreq- Hence
X is an affine formal algebraic space by definition. [l

19. Morphisms representable by algebraic spaces

Let f : X — Y be a morphism of formal algebraic spaces which is representable
by algebraic spaces. For these types of morphisms we have a lot of theory at our
disposal, thanks to the work done in the chapters on algebraic spaces.

Lemma 19.1. The composition of morphisms representable by algebraic spaces is
representable by algebraic spaces. The same holds for representable (by schemes).

Proof. See Bootstrap, Lemma |3.8 (]

Lemma 19.2. A base change of a morphism representable by algebraic spaces is
representable by algebraic spaces. The same holds for representable (by schemes).

Proof. See Bootstrap, Lemma (3.3 ([

Lemmal 19.3. Let S be a scheme. Let f : X =Y and g :Y — Z be morphisms
of formal algebraic spaces over S. If go f : X — Z is representable by algebraic
spaces, then f: X =Y is representable by algebraic spaces.

Proof. Note that the diagonal of Y — Z is representable by Lemma [I5.5] Thus
X — Y is representable by algebraic spaces by Bootstrap, Lemma |[3.10 (I

The property of being representable by algebraic spaces is local on the source and
the target.

Lemma 19.4. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. The following are equivalent:
(1) the morphism f is representable by algebraic spaces,

(2) there exists a commutative diagram

U——V

o

X —Y

where U, V are formal algebraic spaces, the vertical arrows are representable
by algebraic spaces, U — X is surjective étale, and U — V is representable
by algebraic spaces,
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(3) for any commutative diagram

U——=V

o

X ——Y

where U, V are formal algebraic spaces and the vertical arrows are rep-
resentable by algebraic spaces, the morphism U — V is representable by
algebraic spaces,

(4) there exists a covering {Y; — Y} as in Definition and for each j a
covering {X;; — Y; xy X} as in Definition such that X;; — Y is
representable by algebraic spaces for each j and 1,

(5) there exist a covering {X; — X} as in Definition and for each i a
factorization X; — Y; — Y where Y; is an affine formal algebraic space,
Y, = Y is representable by algebraic spaces, such that X; — Y; is repre-
sentable by algebraic spaces, and

(6) add more here.

Proof. It is clear that (1) implies (2) because we can take U = X and V =Y.
Conversely, (2) implies (1) by Bootstrap, Lemma applied to U - X — Y.

Assume (1) is true and consider a diagram as in (3). Then U — Y is representable
by algebraic spaces (as the composition U — X — Y, see Bootstrap, Lemma
and factors through V. Thus U — V is representable by algebraic spaces by Lemma
19.3

It is clear that (3) implies (2). Thus now (1) — (3) are equivalent.

Observe that the condition in (4) makes sense as the fibre product ¥; xy X is a
formal algebraic space by Lemma It is clear that (4) implies (5).

Assume X; - Y; —» Y asin (5). Then we set V =][Y; and U = [[ X; to see that
(5) implies (2).

Finally, assume (1) — (3) are true. Thus we can choose any covering {Y; — Y} as
in Definition and for each j any covering {X;; — Y; Xy X} as in Definition
Then X;; — Y, is representable by algebraic spaces by (3) and we see that
(4) is true. This concludes the proof. O

Lemma 19.5. Let S be a scheme. Let Y be an affine formal algebraic space over
S. Let f: X = Y be a map of sheaves on (Sch/S) ppy which is representable by
algebraic spaces. Then X is a formal algebraic space.

Proof. Write Y = colimY) as in Definition For each X the fibre product
X xy Y, is an algebraic space. Hence X = colim X Xy Y, is a formal algebraic
space by Lemma [13.1 (I

Lemma 19.6. Let S be a scheme. Let Y be a formal algebraic space over S. Let
f:X =Y be a map of sheaves on (Sch/S) tpps which is representable by algebraic
spaces. Then X is a formal algebraic space.

Proof. Let {Y; — Y} be as in Definition Then X xy Y; — X is a family of
morphisms representable by algebraic spaces, étale, and jointly surjective. Thus it
suffices to show that X xy Y; is a formal algebraic space, see Lemma [I5.1] This
follows from Lemma O
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Lemma 19.7. Let S be a scheme. Let f : X — Y be a morphism of affine formal
algebraic spaces which is representable by algebraic spaces. Then f is representable
(by schemes) and affine.

Proof. We will show that f is affine; it will then follow that f is representable and
affine by Morphisms of Spaces, Lemma[20.3] Write Y = colim Y}, and X = colim X
as in Definition 0.I] Let T — Y be a morphism where T is a scheme over S. We
have to show that X xy T — T is affine, see Bootstrap, Definition To do
this we may assume that T is affine and we have to prove that X xy T is affine.
In this case T — Y factors through Y, — Y for some p, see Lemma [9.4, Since
f is quasi-compact we see that X xy T is quasi-compact (Lemma [17.3). Hence
X xy T — X factors through X, for some A\. Similarly X, — Y factors through
Y, after increasing p. Then X xy T = X, Xy, T'. We conclude as fibre products
of affine schemes are affine. O

Lemma 19.8. Let S be a scheme. Let ¢ : A — B be a continuous map of weakly
admissible topological rings over S. The following are equivalent

(1) Spfle) : Spf(B) — Spf(A) is representable by algebraic spaces,

(2) Spfle) : Spf(B) — Spf(A) is representable (by schemes),

(3) ¢ is taut, see Definition[5.1]

Proof. Parts (1) and (2) are equivalent by Lemma [19.7]

Assume the equivalent conditions (1) and (2) hold. If I C A is a weak ideal of
definition, then Spec(A/I) — Spf(A) is representable and a thickening (this is clear
from the construction of the formal spectrum but it also follows from Lemma .
Then Spec(A/I) xgpea) Spf(B) — Spf(B) is representable and a thickening as a
base change. Hence by Lemma there is a weak ideal of definition J(I) C B
such that Spec(A/I) xgpea) Spf(B) = Spec(B/J(I)) as subfunctors of Spf(B). We
obtain a cartesian diagram

Spec(B/J(I)) — Spec(A/I)

| |

Spf(B) Spf(A)

By Lemma we see that B/J(I) = B&4A/I. Tt follows that J(I) is the closure
of the ideal ¢(I)B, see Lemma Since Spf(A) = colim Spec(A/I) with I as
above, we find that Spf(B) = colim Spec(B/J(I)). Thus the ideals J(I) form a
fundamental system of weak ideals of definition (see Lemma[9.6]). Hence (3) holds.

Assume (3) holds. We are essentially just going to reverse the arguments given in
the previous paragraph. Let I C A be a weak ideal of definition. By Lemma
we get a cartesian diagram

Spf(B& 4 A/I) — Spec(A/I)
Spf(B) Spf(A)

If J(I) is the closure of IB, then J(I) is open in B by tautness of ¢. Hence if J
is open in B and J C J(B), then B/J ®4 A/I = B/(IB + J) = B/J(I) because
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J(I) = Nycp openIB + J) by Lemma Hence the limit defining the com-
pleted tensor product collapses to give B& 4 A/I = B/J(I). Thus Spf(B&4A/I) =
Spec(B/J(I)). This proves that Spf(B) xgpsa)Spec(A/I) is representable for every
weak ideal of definition I C A. Since every morphism 7" — Spf(A) with T quasi-
compact factors through Spec(A/T) for some weak ideal of definition I (Lemma[9.4)
we conclude that Spf(¢p) is representable, i.e., (2) holds. This finishes the proof. O

Lemma 19.9. Let S be a scheme. Let Y be an affine formal algebraic space. Let
f:X =Y be a map of sheaves on (Sch/S)sppy which is representable and affine.
Then

(1) X is an affine formal algebraic space,

(2) if Y is countably indexed, then X is countably indexed,

(3) if Y is countably indexed and classical, then X is countably indexed and
classical,

(4) if Y is weakly adic, then X is weakly adic,

(5) if Y is adic*, then X is adic*, and

(6) if Y is Noetherian and f is (locally) of finite type, then X is Noetherian.

Proof. Proof of (1). Write Y = colimycp Yy as in Definition Since f is
representable and affine, the fibre products X, = Y) Xy X are affine. And X =
colimY), xy X. Thus X is an affine formal algebraic space.

Proof of (2). If Y is countably indexed, then in the argument above we may assume
A is countable. Then we immediately see that X is countably indexed too.

Proof of (3), (4), and (5). In each of these cases the assumptions imply that Y
is a countably indexed affine formal algebraic space (Lemma and hence X
is too by (2). Thus we may write X = Spf(A) and Y = Spf(B) for some weakly
admissible topological S-algebras A and B, see Lemma By Lemma the
morphism f corresponds to a continuous S-algebra homomorphism ¢ : B — A. We
see from Lemma that ¢ is taut. We conclude that (3) follows from Lemma
5.9) (4) follows from Lemma and (5) follows from Lemma

Proof of (6). Combining (3) with Lemma we see that X is adic*. Thus
we can use the criterion of Lemma [10.5] First, it tells us the affine schemes Y)
are Noetherian. Then X, — Y, is of finite type, hence X, is Noetherian too
(Morphisms, Lemma [I5.6). Then the criterion tells us X is Noetherian and the
proof is complete. O

Lemma 19.10. Let S be a scheme. Let f : X — Y be a morphism of affine formal
algebraic spaces which is representable by algebraic spaces. Then

(1) if Y is countably indexed, then X is countably indexed,

(2) if Y is countably indexed and classical, then X is countably indexed and
classical,

(3) if Y is weakly adic, then X is weakly adic,

(4) if Y is adic*, then X is adic*, and

(5) if Y is Noetherian and f is (locally) of finite type, then X is Noetherian.

Proof. Combine Lemmas and |
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Example| 19.11. Let B be a weakly admissible topological ring. Let B — A be
a ring map (no topology). Then we can consider

AN =1lim A/JA
where the limit is over all weak ideals of definition J of B. Then A" (endowed with
the limit topology) is a complete linearly topologized ring. The (open) kernel I of
the surjection A" — A/JA is the closure of JA", see Lemma[1.2] By Lemma
we see that I consists of topologically nilpotent elements. Thus [ is a weak ideal of
definition of A" and we conclude A" is a weakly admissible topological ring. Thus
¢ : B — A" is taut map of weakly admissible topological rings and

Spf(A™) — Spf(B)

is a special case of the phenomenon studied in Lemma [19.8

Remark 19.12 (Warning). The discussion in Lemmas [19.8] [19.9, and [19.10] is
sharp in the following two senses:

(1) If A and B are weakly admissible rings and ¢ : A — B is a continuous
map, then Spf(y) : Spf(B) — Spf(A) is in general not representable.

(2) If f:Y — X is a representable morphism of affine formal algebraic spaces
and X = Spf(A) is McQuillan, then it does not follow that Y is McQuillan.

An example for (1) is to take A = k a field (with discrete topology) and B = k[[t]]
with the t-adic topology. An example for (2) is given in Examples, Section

The warning above notwithstanding, we do have the following result.

Lemma 19.13. Let S be a scheme. Let Y be a McQuillan affine formal algebraic
space over S, i.e., Y = Spf(B) for some weakly admissible topological S-algebra B.
Then there is an equivalence of categories between
(1) the category of morphisms f : X — Y of affine formal algebraic spaces
which are representable by algebraic spaces and étale, and
(2) the category of topological B-algebras of the form A" where A is an étale
B-algebra and A™ =1lim A/JA with J C B running over the weak ideals of
definition of B.
The equivalence is given by sending A" to X = Spf(A™). In particular, any X as
in (1) is McQuillan.

Proof. Let A be an étale B-algebra. Then B/J — A/JA is étale for every open
ideal J C B. Hence the morphism Spf(A”) — Y is representable and étale. The
functor Spf is fully faithful by Lemma[0.10] To finish the proof we will show in the
next paragraph that any X — Y asin (1) is in the essential image.

Choose a weak ideal of definition Jy C B. Set Yy = Spec(B/Jy) and Xy = Yy xy X.
Then Xy — Yy is an étale morphism of affine schemes (see Lemma . Say
Xo = Spec(Ap). By Algebra, Lemma we can find an étale algebra map
B — A such that Ay =2 A/JyA. Consider an ideal of definition J C Jy. As above
we may write Spec(B/J) xy X = Spec(A) for some étale ring map B/J — A.
Then both B/J — A and B/J — A/JA are étale ring maps lifting the étale ring
map B/Jy — Ap. By More on Algebra, Lemma there is a unique B/J-algebra
isomorphism ¢ : A/JA — A lifting the identification modulo Jo. Since the maps
@ are unique they are compatible for varying J. Thus

X = colim Spec(B/J) xy X = colim Spec(A/JA) = Spf(A)
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and we see that the lemma holds. O

Lemma 19.14. With notation and assumptions as in Lemma letf: X =Y
correspond to B — A™. The following are equivalent
(1) f:X =Y is surjective,
(2) B — A is faithfully flat,
(3) for every weak ideal of definition J C B the ring map B/J — A/JA is
faithfully flat, and
(4) for some weak ideal of definition J C B the ring map B/J — A/JA is
faithfully flat.

Proof. Let J C B be a weak ideal of definition. As every element of J is
topologically nilpotent, we see that every element of 1 4+ J is a unit. It fol-
lows that J is contained in the Jacobson radical of B (Algebra, Lemma [19.1)).
Hence a flat ring map B — A is faithfully flat if and only if B/J — A/JA is
faithfully flat (Algebra, Lemma [39.16). In this way we see that (2) — (4) are
equivalent. If (1) holds, then for every weak ideal of definition J C B the mor-
phism Spec(A/JA) = Spec(B/J) xy X — Spec(B/.J) is surjective which implies
(3). Conversely, assume (3). A morphism T — Y with T quasi-compact fac-
tors through Spec(B/J) for some ideal of definition J of B (Lemma [09.4). Hence
X xy T = Spec(A/JA) Xgpec(/sy T — T is surjective as a base change of the
surjective morphism Spec(A/JA) — Spec(B/J). Thus (1) holds. O

20. Types of formal algebraic spaces

In this section we define “locally Noetherian”, “locally adic*”, “locally weakly adic”,
“locally countably indexed and classical”, and “locally countably indexed” formal
algebraic spaces. The types “locally adic”, “locally classical”, and “locally McQuil-
lan” are missing as we do not know how to prove the analogue of the following
lemmas for those cases (it would suffice to prove the analogue of these lemmas for
étale coverings between affine formal algebraic spaces).

Lemmal 20.1. Let S be a scheme. Let X — Y be a morphism of affine formal
algebraic spaces which is representable by algebraic spaces, surjective, and flat. Then
X is countably indezed if and only if Y is countably indexed.

Proof. Assume X is countably indexed. We write X = colim X,, as in Lemma
Write Y = colim Y), as in Definition [9.1] For every n we can pick a A, such
that X,, — Y factors through Y, , see Lemma On the other hand, for every
A the scheme Y, xy X is affine (Lemma and hence Y, xy X — X factors
through X, for some n (Lemma[9.4). Picture

Y)\ XyXHXnHX

L

YA > Y)\n —_— Y

If we can show the dotted arrow exists, then we conclude that ¥ = colimY)  and
Y is countably indexed. To do this we pick a pu with g > A and pu > A,. Thus both
Yy = Y and Y\, — Y factor through Y, — Y. Say Y,, = Spec(B,), the closed
subscheme Y), corresponds to J C B, and the closed subscheme Y, corresponds
to J' C B,. We are trying to show that J' C J. By the diagram above we know
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J'A, C JA, where Y, xy X = Spec(A4,). Since X — Y is surjective and flat the
morphism Y, Xy X — Y, is a faithfully flat morphism of affine schemes, hence
B, — A, is faithfully flat. Thus J’ C J as desired.

Assume Y is countably indexed. Then X is countably indexed by Lemma[19.10, O

Lemmal 20.2. Let S be a scheme. Let X — Y be a morphism of affine formal
algebraic spaces which is representable by algebraic spaces, surjective, and flat. Then
X is countably indexed and classical if and only if Y is countably indexed and
classical.

Proof. We have already seen the implication in one direction in Lemma[I9.10] For
the other direction, note that by Lemma we may assume both X and Y are
countably indexed. Thus X = Spf(A) and Y = Spf(B) for some weakly admissible
topological S-algebras A and B, see Lemma [10.4] By Lemma [9.10] the morphism
X — Y corresponds to a continuous S-algebra homomorphism ¢ : B — A. We see
from Lemma [I9.8| that ¢ is taut. Let J C B be an open ideal and let I C A be the
closure of JA. By Lemmas[16.4)and [.11] we see that Spec(B/J) xy X = Spec(A/I).
Hence B/J — A/I is faithfully flat (since X — Y is surjective and flat). This means
that ¢ : B — A is as in Section [§] (with the roles of A and B swapped). We conclude
that the lemma holds by Lemma [8.2] O

Lemma 20.3. Let S be a scheme. Let X — Y be a morphism of affine formal
algebraic spaces which is representable by algebraic spaces, surjective, and flat. Then
X is weakly adic if and only if Y is weakly adic.

Proof. The proof is exactly the same as the proof of Lemma [20.2[ except that at
the end we use Lemma [B4 O

Lemma 20.4. Let S be a scheme. Let X — Y be a morphism of affine formal
algebraic spaces which is representable by algebraic spaces, surjective, and flat. Then
X is adic* if and only if Y is adic*.

Proof. The proof is exactly the same as the proof of Lemma [20.2[ except that at
the end we use Lemma O

Lemma 20.5. Let S be a scheme. Let X — Y be a morphism of affine for-
mal algebraic spaces which is representable by algebraic spaces, surjective, flat, and
(locally) of finite type. Then X is Noetherian if and only if Y is Noetherian.

Proof. Observe that a Noetherian affine formal algebraic space is adic*, see Lemma
10.3 Thus by Lemma [20.4] we may assume that both X and Y are adic*. We
will use the criterion of Lemma to see that the lemma holds. Namely, write
Y = colimY,, as in Lemma [10.1] For each n set X,, = Y,, xy X. Then X, is an
affine scheme (Lemma and X = colim X,,. Each of the morphisms X,, = Y,
is faithfully flat and of finite type. Thus the lemma follows from the fact that in
this situation X, is Noetherian if and only if Y,, is Noetherian, see Algebra, Lemma
164.1] (to go down) and Algebra, Lemma (to go up). O

Lemma 20.6. Let S be a scheme. Let

countably indexed,
P € ¢ countably indexed and classical,
weakly adic, adicx, Noetherian
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Let X be a formal algebraic space over S. The following are equivalent

(1) #fY is an affine formal algebraic space and f:Y — X is representable by
algebraic spaces and étale, then Y has property P,
(2) for some {X; — X}icr as in Definition each X; has property P.

Proof. It is clear that (1) implies (2). Assume (2) and let Y — X be as in (1).
Since the fibre products X; x x Y are formal algebraic spaces (Lemma [15.2)) we can
pick coverings {X;; — X; xx Y} as in Definition Since Y is quasi-compact,
there exist (i1, 1), .., (in, jn) such that
Xiljl II... HXinjn —Y

is surjective and étale. Then X, ;, — X, is representable by algebraic spaces and
étale hence X;, j, has property P by Lemma [19.10} Then X; ;, IT... 11 X; ; is an
affine formal algebraic space with property P (small detail omitted on finite disjoint

unions of affine formal algebraic spaces). Hence we conclude by applying one of
Lemmas [20.1] [20.2] [20.3] [20.4] and [20.5] O

The previous lemma clears the way for the following definition.

Definition 20.7. Let S be a scheme. Let X be a formal algebraic space over
S. We say X is locally countably indexed, locally countably indexed and classical,
locally weakly adic, locally adic*, or locally Noetherian if the equivalent conditions
of Lemma [20.6] hold for the corresponding property.

The formal completion of a locally Noetherian algebraic space along a closed subset
is a locally Noetherian formal algebraic space.

Lemma 20.8. Let S be a scheme. Let X be an algebraic space over S. LetT C |X|
be a closed subset. Let X7 be the formal completion of X along T.

(1) If X\ T — X is quasi-compact, then X, is locally adic*.

(2) If X is locally Noetherian, then X 7 is locally Noetherian.

Proof. Choose a surjective étale morphism U — X with U = [[ U; a disjoint union
of affine schemes, see Properties of Spaces, Lemma Let T; C U; be the inverse
image of T. We have X ;7 xx U; = (U;) /r, (Lemma. Hence {(U;) /1, — X7}
is a covering as in Definition Moreover, if X \T — X is quasi-compact, so is
U;\T; — U; and if X is locally Noetherian, so is U;. Thus the lemma follows from
the affine case which is Lemma [14.6 O

Remark 20.9 (Warning). Suppose X = Spec(A) and T C X is the zero locus
of a finitely generated ideal I C A. Let J = /T be the radical of I. Then from
the definitions we see that X, = Spf(A") where A" = lim A/I" is the I-adic
completion of A. On the other hand, the map A" — lim A/J" from the I-adic
completion to the J-adic completion can fail to be a ring isomorphisms. As an
example let

. 1/n
A_Un21C[t/ ]

and I = (¢). Then J = m is the maximal ideal of the valuation ring A and J? = J.
Thus the J-adic completion of A is C whereas the I-adic completion is the valuation
ring described in Example (but in particular it is easy to see that A C A™).

Lemmal 20.10. Let S be a scheme. Let X — Y and Z — Y be morphisms of
formal algebraic space over S. Then
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(1) If X and Z are locally countably indexed, then X Xy Z is locally countably
indezed.

(2) If X and Z are locally countably indezed and classical, then X Xy Z is
locally countably indexed and classical.

(3) If X and Z are weakly adic, then X Xy Z is weakly adic.

(4) If X and Z are locally adic*, then X xvy Z is locally adic*.

(5) If X and Z are locally Noetherian and X, eq — Yreq @s locally of finite type,
then X Xy Z 1is locally Noetherian.

Proof. Choose a covering {Y; — Y} as in Definition m For each j choose a
covering {X;; — Y; Xy X} as in Definition For each j choose a covering

{Zj = Y; xy Z} as in Definition Observe that Xj; Xy, Zjx is an affine
formal algebraic space by Lemma [16.4] Hence

{in Xy; ij — X Xy Z}

is a covering as in Definition Thus it suffices to prove (1), (2), (3), and (4) in
case X, Y, and Z are affine formal algebraic spaces.

Assume X and Z are countably indexed. Say X = colim X,, and Z = colim Z,,, as
in Lemma [I0.1] Write Y = colimyep Yy as in Definition [0.1] For each n and m
we can find A, ,, € A such that X;, = Y and Z,, = Y factor through Yaom (for
example see Lemma [9.4). Pick A\g € A. By induction for ¢ > 1 pick an element
At € A such that Ay > A, forall 1 <n,m <tand A, > A\—1. Set Y’ = colimV,.
Then Y’ — Y is a monomorphism such that X — Y and Z — Y factor through Y”.
Hence we may replace Y by Y, i.e., we may assume that Y is countably indexed.

Assume X, Y, and Z are countably indexed. By Lemma [10.4] we can write X =
Spf(A), Y = Spf(B), Z = Spf(C) for some weakly admissible topological rings A,
B, and C. The morphsms X — Y and Z — Y are given by continuous ring maps
B — A and B — C, see Lemma [0.10] By Lemma [16.4] we see that X xy Z =
Spf(A® C) and that A®C is a weakly admissible topological ring. In particular,
we see that X xy Z is countably indexed by Lemma [£.12] part (3). This proves (1).

Proof of (2). In this case X and Z are countably indexed and hence the arguments
above show that X Xy Z is the formal spectrum of A®pC where A and C are
admissible. Then A®pC is admissible by Lemma part (2).

Proof of (3). As before we conclude that X xy Z is the formal spectrum of A®pC
where A and C are weakly adic. Then A®pC is weakly adic by Lemma

Proof of (4). Arguing as above, this follows from Lemma [£.12] part (4).

Proof of (5). To deduce case (5) from Lemma [£.12] part (5) we need to show the
hypotheses match. Namely, with notation as in the first parapgrah of the proof,
if Xyeq — Yrea is locally of finite type, then (Xji)rea — (Yj)rea is locally of finite
type. This follows from Morphisms of Spaces, Lemma and the fact that in the
commutative diagram

(XJ”>T6d > (ij)red

L

Xred Y;"ed
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the vertical morphisms are étale. Namely, we have (Xj;)reqd = Xij Xx Xyeq and
(Yj)rea =Y; Xy Yreq by Lemma Thus as above we reduce to the case where
X, Y, Z are affine formal algebraic spaces, X, Z are Noetherian, and X,cq — Yyeq
is of finite type. Next, in the second paragraph of the proof we replaced Y by Y’
but by construction Y;.q = Y. ;, hence the finite type assumption is preserved by
this replacement. Then we see that X,Y, Z correspond to A, B,C and X Xy Z to
AR®pC with A, C Noetherian adic. Finally, taking the reduction corresponds to
dividing by the ideal of topologically nilpotent elements (Example hence the
fact that X,cq — Yreq is of finite type does indeed mean that B/b — A/a is of
finite type and the proof is complete. O

Lemma 20.11. Let S be a scheme. Let X be a locally Noetherian formal algebraic
space over S. Then X = colim X,, for a system X; — Xo — X35 — ... of finite
order thickenings of locally Noetherian algebraic spaces over S where X1 = Xyeq
and X, is the nth infinitesimal neighbourhood of X1 in X,, for all m > n.

Proof. We only sketch the proof and omit some of the details. Set X; = X,.cq4.
Define X,, C X as the subfunctor defined by the rule: a morphism f : T"— X where
T is a scheme factors through X, if and only if the nth power of the ideal sheaf of
the closed immersion X7 x xT' — T is zero. Then X,, C X is a subsheaf as vanishing
of quasi-coherent modules can be checked fppf locally. We claim that X,, — X is
representable by schemes, a closed immersion, and that X = colim X,, (as fppf
sheaves). To check this we may work étale locally on X. Hence we may assume
X = Spf(A) is a Noetherian affine formal algebraic space. Then X; = Spec(4/a)
where a C A is the ideal of topologically nilpotent elements of the Noetherian adic
topological ring A. Then X,, = Spec(A4/a™) and we obtain what we want. O

21. Morphisms and continuous ring maps

In this section we denote WAdm the category of weakly admissible topological rings
and continuous ring homomorphisms. We define full subcategories

WAdm > WAdm*™t > WAdm > WAdm¥ e W adic 5 WA dgmade* > WAdm™ "

whose objects are

(1) WAdm""™: those weakly admissible topological rings A which have a
countable fundamental system of open ideals,

(2) WAdm: the admissible topological rings A which have a countable fun-
damental system of open ideals,

(3) WAdm™e**v adic. the weakly adic topological rings (Section E),

(4) WAdm®*: the adic topological rings which have a finitely generated ideal
of definition, and

(5) WAdmY o¢th. the adic topological rings which are Noetherian.

Clearly, the formal spectra of these types of rings are the basic building blocks of
locally countably indexed, locally countably indexed and classical, locally weakly
adic, locally adic*, and locally Noetherian formal algebraic spaces.

We briefly review the relationship between morphisms of countably indexed, affine
formal algebraic spaces and morphisms of WAdm“™. Let S be a scheme. Let X
and Y be countably indexed, affine formal algebraic spaces. Write X = Spf(A) and
Y = Spf(B) topological S-algebras A and B in WAdm®*™ see Lemma By
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Lemma [0.10] there is a 1-to-1 correspondence between morphisms f : X — Y and
continuous maps

p:B— A
of topological S-algebras. The relationship is given by f + f* and ¢ ~ Spf(p).

Let S be a scheme. Let f : X — Y be a morphism of locally countably indexed
formal algebraic spaces. Consider a commutative diagram

U——=V

o

X——Y

with U and V affine formal algebraic spaces and U — X and V — Y representable
by algebraic spaces and étale. By Definition m (and hence via Lemma we
see that U and V are countably indexed affine formal algebraic spaces. By the
discussion in the previous paragraph we see that U — V is isomorphic to Spf(y)
for some continuous map

p:B— A

count

of topological S-algebras in WAdm

Lemma 21.1. Let A € Ob(WAdm). Let A — A’ be a ring map (no topology). Let
(AN =limrca wigA'JIA" be the object of WAdm constructed in Fxample|19.11]
(1) If A is in WAdmC‘?""t, so is (AN,
is in me, so is .
2) If A is in WAdm®*¢ is (AN
is in m , 80 18 .
3 IfA is in WAd u;efzkly adic is (AN
(4) If A is in WAdm®¥°* | so is (A")".
(5) If A is in WAdm™°“" and A" is Noetherian, then (A')" is in WAdm™ ",

Proof. Recall that A — (A’)" is taut, see discussion in Example [19.11] Hence
statements (1), (2), (3), and (4) follow from Lemmas and Finally,

assume that A is Noetherian and adic. By (4) we know that (A’)" is adic. By
Algebra, Lemma we see that (A’)" is Noetherian. Hence (5) holds. O

count

Situation| 21.2. Let P be a property of morphisms of WAdm/ Consider

commutative diagrams

(A/)/\

A
(21.2.1) 4 Tg;/
B —— (B)"

satisfying the following conditions

(1) A and B are objects of WAdm"™,

(2) A— A’ and B — B’ are étale ring maps,

(3) (A" =1lim A'/IA’, resp. (B')" =1lim B’/JB’ where I C A, resp. J C B

runs through the weakly admissible ideals of definition of A, resp. B,

(4) ¢: B— Aand ¢’ : (B")" — (A)" are continuous.
By Lemma the topological rings (A’)" and (B’)" are objects of WAdm®""™.
We say P is a local property if the following axioms hold:

(1) for any diagram (21.2.1) we have P(p) = P(¢’),
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(2) for any diagram (21.2.1)) with A — A’ faithfully flat we have P(¢') = P(p),
(3) f P(B— A;) fori=1,...,n, then P(B — [[,_, , 4).

Axiom makes sense as WAdm"™ has finite products.

Lemma 21.3. Let S be a scheme. Let f : X — Y be a morphism of locally
countably indexed formal algebraic spaces over S. Let P be a local property of
morphisms of WAdm"™*. The following are equivalent

(1) for every commutative diagram

U——V

o

X —Y

with U and V' affine formal algebraic spaces, U — X and V — Y repre-

sentable by algebraic spaces and étale, the morphism U — V corresponds

to a morphism of WAdm "™ with property P,

(2) there exists a covering {Y; — Y} as in Definition and for each j a
covering {X;; = Y, xy X} as in Deﬁm’tion such that each X;; = Y;
corresponds to a morphism of WAdm®"™ with property P, and

(3) there exist a covering {X; — X} as in Definition and for each i a
factorization X; — Y; — Y where Y; is an affine formal algebraic space,
Y, = Y is representable by algebraic spaces and étale, and X; — Y; corre-

sponds to a morphism of WAdm "™ with property P.

Proof. It is clear that (1) implies (2) and that (2) implies (3). Assume {X; — X}
and X; — Y; — Y as in (3) and let a diagram as in (1) be given. Since Y¥; xy V
is a formal algebraic space (Lemma we may pick coverings {Y;; = Y; xy V'}
as in Definition m For each (4,7) we may similarly choose coverings {X;;i —
Yi; Xy, X; xx U} as in Definition Since U is quasi-compact we can choose
(i1,J1, k1), -+, (in, Jn, kn) such that

Xigjie, Lo O XG 5ok, — U
is surjective. For s = 1,...,n consider the commutative diagram

Xigjoks

N

X<;Xis<;Xis XxU Y;‘Sjs Xis XxUHUHX

T ]

Y<~—Y, ~—Y, xyV Y, Xy V—V ——Y

Let us say that P holds for a morphism of countably indexed affine formal algebraic
spaces if it holds for the corresponding morphism of WAdm*™. Observe that the
maps Xj .k, — Xi., Yi,j, — Y;, are given by completions of étale ring maps, see
Lemma F Hence we see that P(X,, — Y;,) implies P(X; .k, — Yi.;,) by
axiom (|1J). Observe that the maps Y; ;, — V are given by completions of étale


https://stacks.math.columbia.edu/tag/0ANG

0ANH

0ANI

0GBC

0GBD

0GBE

FORMAL ALGEBRAIC SPACES 53

rings maps (same lemma as before). By axiom applied to the diagram

Xijoks = Xi.joks
Yi.j. 14

(this is permissible as identities are faithfully flat ring maps) we conclude that
P(Xi_j,x, — V) holds. By axiom (3) we find that P([[,_, , Xi j.k. — V) holds.
Since the morphism [[ X, ;,%, — U is surjective by construction, the corresponding
morphism of WAdm®*™ is the completion of a faithfully flat étale ring map, see
Lemma One more application of axiom (with B’ = B) implies that
P(U — V) is true as desired. O

Remark 21.4 (Variant for adic-star). Let P be a property of morphisms of
WAdm®¥*. We say P is a local property if axioms , 7 of Situation m
hold for morphisms of WAdm®¥*. In exactly the same way we obtain a variant of
Lemma for morphisms between locally adic* formal algebraic spaces over S.

Remark 21.5 (Variant for Noetherian). Let P be a property of morphisms of

WAdmNo" . We say P is a local property if axioms , , , of Situation
hold for morphisms of WAdm™°“" In exactly the same way we obtain a variant
of Lemma for morphisms between locally Noetherian formal algebraic spaces
over S.

count

Situation| 21.6. Let P be a local property of morphisms of WAdm , see
Situation 1.2l We say P is stable under base change if given B — A and B — C
in WAdm®""" we have P(B — A) = P(C — A®pC). This makes sense as AQ5C
is an object of WAdm“"“"" by Lemma

Lemma 21.7. Let S be a scheme. Let P be a local property of morphisms of
WAdm "™ which is stable under base change. Let f : X =Y and g: Z — Y be
morphisms of locally countably indexed formal algebraic spaces over S. If f satisfies
the equivalent conditions of Lemma@ then so does pry : X Xy Z — Z.

Proof. Choose a covering {Y; — Y} as in Definition m For each j choose a
covering {Xj; — Y; Xy X} as in Definition [[T.1} For each j choose a covering
{Zji, = Y; xy Z} as in Definition Observe that Xj; Xy, Zj), is an affine
formal algebraic space which is countably indexed, see Lemma [20.10] Then we see
that
{in Xy; ij — X Xy Z}

is a covering as in Deﬁnition Moreover, the morphisms X j; Xy, Z;,, — Z factor
through Z;,. By assumption we know that X;; — Y} corresponds to a morphism
B; — Aj; of WAdm“™ having property P. The morphisms Zjr, — Y; correspond
to morphisms B; — Cji, in WAdm®“"™ . Since Xji Xy, Zji = Spf(Ajl-@Bj Cjx) by
Lemmawe see that it suffices to show that Cj;, — Aji@)Bj Cj, has property P

which is exactly what the condition that P is stable under base change guarantees.
O

Remark 21.8 (Variant for adic-star). Let P be a local property of morphisms of
WAdm @ | see Remark We say P is stable under base change if given B — A
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and B — C in WAdm®*“* we have P(B — A) = P(C — A®pC). This makes
sense as A®pC is an object of WAdm*¥“* by Lemma In exactly the same
way we obtain a variant of Lemma for morphisms between locally adic* formal
algebraic spaces over S.

Remark 21.9 (Variant for Noetherian). Let P be a local property of morphisms
of WAdm™™" see Remark We say P is stable under base change if given
B — Aand B — C in WAdm"°“"" the property P(B — A) implies both that
A®pC is adic Noetherialﬂ and that P(C — A®pC). In exactly the same way we
obtain a variant of Lemma [21.7] for morphisms between locally Noetherian formal
algebraic spaces over S.

Remark 21.10 (Another variant for Noetherian). Let P and @ be local properties
of morphisms of WAdmN°?""  see Remark We say P is stable under base
change by Q if given B — A and B — C in WAdm"™°°'" satisfying P(B — A) and
Q(B — C), then A®pC is adic Noetherian and P(C — A®pC) holds. Arguing
exactly as in the proof of Lemma [21.7] we obtain the following statement: given
morphisms f: X — Y and g : Y — Z of locally Noetherian formal algebraic spaces
over S such that

(1) the equivalent conditions of Lemma [21.3| hold for f and P,

(2) the equivalent conditions of Lemma [21.3| hold for g and @,

then the equivalent conditions of Lemma [21.3 hold for pry : X xy Z — Z and P.

count
)

Situation| 21.11. Let P be a local property of morphisms of WAdm see
Situation 1.2l We say P is stable under composition if given B — A and C — B
in WAdm®"™ we have P(B — A) A P(C — B) = P(C — A).

Lemma 21.12. Let S be a scheme. Let P be a local property of morphisms of
WAdm """ which is stable under composition. Let f : X =Y and g:Y — Z be
morphisms of locally countably indexed formal algebraic spaces over S. If f and g
satisfies the equivalent conditions of Lemma[21.3 then so does go f: X — Z.

Proof. Choose a covering {Z; — Z} as in Definition [[I.1] For each k choose
a covering {Yy; — Z; Xz Y} as in Definition For each k and j choose
a covering {Xpj;; — Yi; Xy X} as in Definition If f and g satisfies the
equivalent conditions of Lemma @ then Xy;; — Y, and Y;, — Zj correspond
to arrows By; — Agj; and Cy — By; of WAdm®**™ having property P. Hence the
compositions do too and we conclude. ([

Remark 21.13 (Variant for adic-star). Let P be a local property of morphisms of

WAdm** | see Remark We say P is stable under composition if given B — A
and C — B in WAdm®™** we have P(B — A) A P(C — B) = P(C — A). In
exactly the same way we obtain a variant of Lemma [21.12] for morphisms between
locally adic* formal algebraic spaces over S.

Remark 21.14 (Variant for Noetherian). Let P be a local property of morphisms

of WAdm™*“" see Remark We say P is stable under composition if given
B — Aand C — B in WAdm" °“"" we have P(B — A) AP(C' — B) = P(C — A).
In exactly the same way we obtain a variant of Lemma 21.12]for morphisms between
locally Noetherian formal algebraic spaces over S.

"See Lemma for a criterion.
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Situation 21.15. Let P be a local property of morphisms of WAdm“™, see
Situation PT.2] We say P has the cancellation property if given B — A and C' — B
in WAdm®*™ we have P(C — B) A P(C — A) = P(B — A).

Lemma 21.16. Let S be a scheme. Let P be a local property of morphisms of
WAdm ™" which has the cancellation property. Let f : X =Y and g:Y — Z be

morphisms of locally countably indexed formal algebraic spaces over S. If go f and
g satisfies the equivalent conditions of Lemma[21.3 then so does f : X — Y.

Proof. Choose a covering {Z;, — Z} as in Definition [11.1] For each k choose a
covering {Yy; = Z xz Y} as in Deﬁnitionm For each k and j choose a covering
{Xkji > YijxyX}asin Deﬁnition Let Xy;; — Yj, and Y}, — Zj, correspond
to arrows By; — Agj and Cy — By, of WAdm*"*. If g o f and g satisfies the
equivalent conditions of Lemma @ then Cp, — By and Cy — Ay;; satisfy P.
Hence Byj — Ayj; does too and we conclude. O

Remark 21.17 (Variant for adic-star). Let P be a local property of morphisms

of WAdmadic*, see Remark We say P has the cancellation property if given
B — A and C — B in WAdm®*“* we have P(C' — A) A P(C — B) = P(B — A).
In exactly the same way we obtain a variant of Lemma for morphisms between
locally adic* formal algebraic spaces over S.

Remark 21.18 (Variant for Noetherian). Let P be a local property of morphisms

of WAdm™°" see Remark We say P has the cancellation property if given
B — A and C — B in WAdm"°“"" we have P(C — B)AP(C' — A) = P(C — B).
In exactly the same way we obtain a variant of Lemma [21.12]for morphisms between
locally Noetherian formal algebraic spaces over S.

22. Taut ring maps and representability by algebraic spaces

In this section we briefly show that morphisms between locally countably index
formal algebraic spaces correspond étale locally to taut continuous ring homomor-
phisms between weakly admissible topological rings having countable fundamental
systems of open ideals. In fact, this is rather clear from Lemma [19.8 and we en-
courage the reader to skip this section.

Lemma 22.1. Let B — A be an arrow of WAdm*“™ . The following are equivalent
(a) B — A is taut (Definition[5.1),
(b) for B > J1 D Jo D J3 D ... a fundamental system of weak ideals of
definitions there exist a commutative diagram

A As Ay Ay
| o
B B/Js B/Jy — B/,

such that Apy1/JnAns1 = Ay and A =1lim A,, as topological ring.
Moreover, these equivalent conditions define a local property, i.e., they satisfy az-
0ms , @, (@

Proof. The equivalence of (a) and (b) is immediate. Below we will give an alge-
braic proof of the axioms, but it turns out we’'ve already proven them. Namely,
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using Lemma the equivalent conditions (a) and (b) translate to saying the cor-
responding morphism of affine formal algebraic spaces is representable by algebraic
spaces. Since this condition is “étale local on the source and target” by Lemma

we immediately get axioms (T)), (), and (3).

Direct algebraic proof of (1), , . Let a diagram as in Situation m
be given. By Example the maps A — (A’)" and B — (B’)" satisfy (a) and
(b).

Assume (a) and (b) hold for ¢. Let J C B be a weak ideal of definition. Then the
closure of JA, resp. J(B')" is a weak ideal of definition I C A, resp. J' C (B")".
Then the closure of I(A’)" is a weak ideal of definition I’ C (A’)". A topological
argument shows that I’ is also the closure of J(A’)" and of J'(A")". Finally, as J
runs over a fundamental system of weak ideals of definition of B so do the ideals T
and I’ in A and (A")". Tt follows that (a) holds for ¢’. This proves (1]).

Assume A — A’ is faithfully flat and that (a) and (b) hold for ¢'. Let J C B be
a weak ideal of definition. Using (a) and (b) for the maps B — (B')" — (A")" we
find that the closure I’ of J(A’)" is a weak ideal of definition. In particular, I’ is
open and hence the inverse image of I’ in A is open. Now we have (explanation
below)

ANT = AN((J(A)" +Ker((A)" — A'/IpA")
= An(\Ker((A)" — A'/JA + I)A")
— ﬂ(JA + I)

which is the closure of JA by Lemma [£.2] The intersections are over weak ideals
of definition Iy C A. The first equality because a fundamental system of neigh-
bourhoods of 0 in (A’)" are the kernels of the maps (A’)" — A’/IyA’. The second
equality is trivial. The third equality because A — A’ is faithfully flat, see Algebra,
Lemma Thus the closure of JA is open. By Lemma the closure of JA
is a weak ideal of definition of A. Finally, given a weak ideal of definition I C A
we can find J such that J(A’)" is contained in the closure of I(A’)" by property
(a) for B — (B')" and ¢'. Thus we see that (a) holds for ¢. This proves (2).

We omit the proof of . ([

Lemma 22.2. Let S be a scheme. Let f : X — Y be a morphism of locally
countably indezed formal algebraic spaces over S. The following are equivalent

(1) for every commutative diagram

U——=V

o

X——Y

with U and V' affine formal algebraic spaces, U — X and V — Y repre-
sentable by algebraic spaces and étale, the morphism U — V corresponds
to a taut map B — A of WAdm"",

(2) there exists a covering {Y; — Y} as in Definition and for each j a
covering {X;; = Y; xy X} as in Deﬁm’tion such that each Xj; —'Y;

corresponds to a taut ring map in WAdm*"™",
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(3) there exist a covering {X; — X} as in Definition and for each i a
factorization X; — Y; — Y where Y; is an affine formal algebraic space,
Y, = Y is representable by algebraic spaces and étale, and X; — Y; corre-
sponds to a taut ring map in WAdm""™, and

(4) f is representable by algebraic spaces.

Proof. The property of a map in WAdm“""* being “taut” is a local property by
Lemma[22.1] Thus Lemma[21.3]exactly tells us that (1), (2), and (3) are equivalent.
On the other hand, by Lemma being “taut” on maps in WAdm "™ corre-
sponds exactly to being “representable by algebraic spaces” for the corresponding
morphisms of countably indexed affine formal algebraic spaces. Thus the implica-
tion (1) = (2) of Lemma [19.4] shows that (4) implies (1) of the current lemma.
Similarly, the implication (4) = (1) of Lemma shows that (2) implies (4) of
the current lemma. (]

23. Adic morphisms

This section matches the occasionally used notion of an “adic morphism” f : X — Y
of locally adic* formal algebraic spaces X and Y on the one hand with representabil-
ity of f by algebraic spaces and on the other hand with our notion of taut continuous
ring homomorphisms. First we recall that tautness is equivalent to adicness for adic
rings with finitely generated ideal of definition.

Lemma 23.1. Let A and B be pre-adic topological rings. Let ¢ : A — B be a
continuous ring homomorphism.
(1) If ¢ is adic, then ¢ is taut.
(2) If B is complete, A has a finitely generated ideal of definition, and ¢ is
taut, then ¢ is adic.

In particular the conditions “p is adic” and “p is taut” are equivalent on the cate-
gory WAdm4e.

Proof. Part (1) is Lemma Part (2) is Lemma The final statement is a
consequence of (1) and (2). O

Let S be a scheme. Let f : X — Y be a morphism of locally adic* formal algebraic
spaces over S. By Lemma the following are equivalent

(1) f is representable by algebraic spaces (in other words, the equivalent con-
ditions of Lemma hold),

(2) for every commutative diagram

U——V

o

X —Y

with U and V affine formal algebraic spaces, U — X and V — Y repre-
sentable by algebraic spaces and étale, the morphism U — V' corresponds
to an adi map in WAdm® %",

8Equivatlently taut by Lemmam
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In this situation we will say that f is an adic morphism (the formal definition is
below). This notion/terminology will only be defined/used for morphisms between
formal algebraic spaces which are locally adic* since otherwise we don’t have the
equivalence between (1) and (2) above.

Definition 23.2. Let S be a scheme. Let f: X — Y be a morphism of formal
algebraic spaces over S. Assume X and Y are locally adic*. We say f is an adic
morphism if f is representable by algebraic spaces. See discussion above.

24. Morphisms of finite type

Due to how things are setup in the Stacks project, the following is really the correct
thing to do and stronger notions should have a different name.

Definition 24.1. Let S be a scheme. Let f : Y — X be a morphism of formal
algebraic spaces over S.

(1) We say f is locally of finite type if f is representable by algebraic spaces
and is locally of finite type in the sense of Bootstrap, Definition
(2) We say f is of finite type if f is locally of finite type and quasi-compact

(Definition [17.4]).

We will discuss the relationship between finite type morphisms of certain formal
algebraic spaces and continuous ring maps A — B which are topologically of finite
type in Section

Lemma 24.2. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. The following are equivalent

(1) f is of finite type,
(2) f is representable by algebraic spaces and is of finite type in the sense of

Bootstrap, Definition [4.1].

Proof. This follows from Bootstrap, Lemmal[4.5] the implication “quasi-compact +
locally of finite type = finite type” for morphisms of algebraic spaces, and Lemma
L'7.5) [l

Lemma 24.3. The composition of finite type morphisms is of finite type. The
same holds for locally of finite type.

Proof. See Bootstrap, Lemma[4.3|and use Morphisms of Spaces, Lemma O

Lemma 24.4. A base change of a finite type morphism is finite type. The same
holds for locally of finite type.

Proof. See Bootstrap, Lemma [£.2] and use Morphisms of Spaces, Lemma O

Lemma 24.5. Let S be a scheme. Let f: X — Y and g:Y — Z be morphisms
of formal algebraic spaces over S. If go f : X — Z is locally of finite type, then
f: X =Y islocally of finite type.

Proof. By Lemma [19.3] we see that f is representable by algebraic spaces. Let T
be a scheme and let T — Z be a morphism. Then we can apply Morphisms of
Spaces, Lemma to the morphisms T'x 7z X — T xz Y — T of algebraic spaces
to conclude. (]

Being locally of finite type is local on the source and the target.
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0ANL |Lemma 24.6. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. The following are equivalent:

(1) the morphism [ is locally of finite type,
(2) there exists a commutative diagram

U——=V

o

X —Y

where U, V are formal algebraic spaces, the vertical arrows are representable
by algebraic spaces and étale, U — X 1is surjective, and U — V is locally
of finite type,

(3) for any commutative diagram

U——=V

o

X——Y

where U, V are formal algebraic spaces and vertical arrows representable
by algebraic spaces and étale, the morphism U — V is locally of finite type,

(4) there exists a covering {Y; — Y} as in Definition and for each j a
covering {X;; — Y; xy X} as in Definition such that X;; — Y; is
locally of finite type for each j and 1,

(5) there exist a covering {X; — X} as in Definition and for each i a
factorization X; — Y; — Y where Y; is an affine formal algebraic space,
Y; = Y is representable by algebraic spaces and étale, such that X; — Y; is
locally of finite type, and

(6) add more here.

Proof. In each of the 5 cases the morphism f : X — Y is representable by algebraic
spaces, see Lemma We will use this below without further mention.

It is clear that (1) implies (2) because we can take U = X and V =Y. Conversely,
assume given a diagram as in (2). Let T be a scheme and let 7' — Y be a morphism.
Then we can consider

UxyT—Vxy T

L

XxyT ———T

The vertical arrows are étale and the top horizontal arrow is locally of finite type
as base changes of such morphisms. Hence by Morphisms of Spaces, Lemma
we conclude that X xy T — T is locally of finite type. In other words (1) holds.

Assume (1) is true and consider a diagram as in (3). Then U — Y is locally of
finite type (as the composition U — X — Y, see Bootstrap, Lemma[4.3)). Let T be
a scheme and let " — V be a morphism. Then the projection 7' xy U — T factors
as

TxyU=(TxyU)xwyxyvy V2T xyU—=T
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The second arrow is locally of finite type (as a base change of the composition
U — X —Y) and the first is the base change of the diagonal V' — V xy V which
is locally of finite type by Lemma [T5.5]

It is clear that (3) implies (2). Thus now (1) — (3) are equivalent.

Observe that the condition in (4) makes sense as the fibre product ¥; xy X is a
formal algebraic space by Lemma It is clear that (4) implies (5).

Assume X; = Y; — Y as in (5). Then we set V =]]Y; and U = [[ X; to see that
(5) implies (2).

Finally, assume (1) — (3) are true. Thus we can choose any covering {Y; — Y} as
in Definition and for each j any covering {X;; — Y; xy X} as in Definition
11.1] Then X;; — Y; is locally of finite type by (3) and we see that (4) is true.
This concludes the proof. (I

Example 24.7. Let S be a scheme. Let A be a weakly admissible topological ring
over S. Let A — A’ be a finite type ring map. Then

(A,)A = lim]CA w.i.d. A//IAI
is a weakly admissible ring and the corresponding morphism Spf((A’)") — Spf(A)
is representable, see Example If T — Spf(A) is a morphism where T is a
quasi-compact scheme, then this factors through Spec(A/I) for some weak ideal of
definition I C A (Lemma . Then T xgpga) SPE((A)") is equal to T Xgpec(a/1)
Spec(A’/IA’) and we see that Spf((A’)") — Spf(A) is of finite type.

Lemma 24.8. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. If Y is locally Noetherian and f locally of finite type, then
X s locally Noetherian.

Proof. Pick {Y; — Y} and {X;; = Y; xy X} as in Lemma Then it follows
from Lemma that each X;; is Noetherian. This proves the lemma. g

Lemma 24.9. Let S be a scheme. Let f : X — Y and Z — Y be morphisms
of formal algebraic spaces over S. If Z is locally Noetherian and f locally of finite
type, then Z Xy X is locally Noetherian.

Proof. The morphism Z xy X — Z is locally of finite type by Lemma Hence
this follows from Lemma 4.8 O
25. Surjective morphisms

By Lemma [12:4] the following definition does not clash with the already existing
definitions for morphisms of algebraic spaces or morphisms of formal algebraic
spaces which are representable by algebraic spaces.

Definition 25.1. Let S be a scheme. A morphism f: X — Y of formal algebraic
spaces over S is said to be surjective if it induces a surjective morphism X;.cq — Y cq
on underlying reduced algebraic spaces.

Lemma 25.2. The composition of two surjective morphisms is a surjective mor-
phism.

Proof. Omitted. O

Lemma 25.3. A base change of a surjective morphism is a surjective morphism.
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Proof. Omitted. O

Lemmal 25.4. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. The following are equivalent
(1) f is surjective,
(2) for every scheme T and morphism T — Y the projection X xy T — T is
a surjective morphism of formal algebraic spaces,
(3) for every affine scheme T and morphism T — Y the projection X xyT — T
s a surjective morphism of formal algebraic spaces,
(4) there exists a covering {Y; — Y} as in Definition such that each
X xy Y; = Y; is a surjective morphism of formal algebraic spaces,
(5) there exists a surjective morphism Z — 'Y of formal algebraic spaces such
that X Xy Z — Z is surjective, and
(6) add more here.

Proof. Omitted. O

26. Monomorphisms
Here is the definition.

Definition 26.1. Let S be a scheme. A morphism of formal algebraic spaces over
S is called a monomorphism if it is an injective map of sheaves.

An example is the following. Let X be an algebraic space and let T C |X| be
a closed subset. Then the morphism X,7 — X from the formal completion of
X along T to X is a monomorphism. In particular, monomorphisms of formal
algebraic spaces are in general not representable.

Lemmal 26.2. The composition of two monomorphisms is a monomorphism.

Proof. Omitted. O

Lemma 26.3. A base change of a monomorphism is a monomorphism.

Proof. Omitted. O

Lemmal 26.4. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. The following are equivalent

(1) f is a monomorphism,

(2) for every scheme T and morphism T — Y the projection X Xy T — T is
a monomorphism of formal algebraic spaces,

(3) for every affine scheme T and morphism T — Y the projection X xyT — T
is a monomorphism of formal algebraic spaces,

(4) there exists a covering {Y; — Y} as in Definition such that each
X Xy Y; = Yj is a monomorphism of formal algebraic spaces, and

(5) there exists a family of morphisms {Y; — Y} such that [[Y; — Y is a
surjection of sheaves on (Sch/S) pps such that each X xy'Y; — Y; is a
monomorphism for all j,

(6) there exists a morphism Z —'Y of formal algebraic spaces which is repre-
sentable by algebraic spaces, surjective, flat, and locally of finite presenta-
tion such that X Xy Z — X is a monomorphism, and

(7) add more here.

Proof. Omitted. O
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27. Closed immersions
Here is the definition.

Definition 27.1. Let S be a scheme. Let f : Y — X be a morphism of formal
algebraic spaces over S. We say f is a closed immersion if f is representable by
algebraic spaces and a closed immersion in the sense of Bootstrap, Definition

Please skip the initial the obligatory lemmas when reading this section.

Lemma 27.2. The composition of two closed immersions is a closed immersion.
Proof. Omitted. (]
Lemma 27.3. A base change of a closed immersion is a closed immersion.
Proof. Omitted. U

Lemmal 27.4. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. The following are equivalent

(1) f is a closed immersion,

(2) for every scheme T and morphism T — Y the projection X xy T — T is
a closed immersion,

(3) for every affine scheme T and morphism T — Y the projection X xy T — T
s a closed immersion,

(4) there exists a covering {Y; — Y} as in Definition such that each
X xy Y; = Y; is a closed immersion, and

(5) there exists a morphism Z —'Y of formal algebraic spaces which is repre-
sentable by algebraic spaces, surjective, flat, and locally of finite presenta-
tion such that X Xy Z — X is a closed immersion, and

(6) add more here.

Proof. Omitted. O

Lemmal 27.5. Let S be a scheme. Let X be a McQuillan affine formal algebraic
space over S. Let f :' Y — X be a closed immersion of formal algebraic spaces
over S. Then'Y is a McQuillan affine formal algebraic space and f corresponds
to a continuous homomorphism A — B of weakly admissible topological S-algebras
which is taut, has closed kernel, and has dense image.

Proof. Write X = Spf(A4) where A is a weakly admissible topological ring. Let
I be a fundamental system of weakly admissible ideals of definition in A. Then
Y X x Spec(A/I,) is a closed subscheme of Spec(A/I,) and hence affine (Definition
27.1). Say Y xx Spec(A/I)) = Spec(By). The ring map A/I, — B, is surjective.
Hence the projections
B =lim By — B)

are surjective as the compositions A — B — B, are surjective. It follows that Y is
McQuillan by Lemma[9.6] The ring map A — B is taut by Lemma[I9.8] The kernel
is closed because B is complete and A — B is continuous. Finally, as A — B, is
surjective for all A we see that the image of A in B is dense. O

Even though we have the result above, in general we do not know how closed
immersions behave when the target is a McQuillan affine formal algebraic space,
see Remark [29.4]
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Example| 27.6. Let S be a scheme. Let A be a weakly admissible topological ring
over S. Let K C A be a closed ideal. Setting

B = (A/K)" =limca w.ia A/(I+K)

the morphism Spf(B) — Spf(A) is representable, see Example 7T —
Spf(A) is a morphism where T is a quasi-compact scheme, then this factors through
Spec(A/I) for some weak ideal of definition I C A (Lemma . Then T' Xgpg(a)
Spf(B) is equal to T Xgpec(a/r) Spec(A/(K + 1)) and we see that Spf(B) — Spf(A)
is a closed immersion. The kernel of A — B is K as K is closed, but beware that
in general the ring map A — B = (A/K)" need not be surjective.

Lemma 27.7. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces. Assume

(1) f is representable by algebraic spaces,

(2) f is a monomorphism,

(3) the inclusion Y,eq — Y factors through f, and

(4) f is locally of finite type or'Y is locally Noetherian.

Then f is a closed immersion.

Proof. Assumptions (2) and (3) imply that X,eq = X Xy Yied = Yieq. We will
use this without further mention.

If Y/ — Y is an étale morphism of formal algebraic spaces over S, then the base
change f': X xy Y’ — Y’ satisfies conditions (1) — (4). Hence by Lemma we
may assume Y is an affine formal algebraic space.

Say Y = colimyecp Yy as in Definition 9.1 Then X, = X xy Y) is an algebraic
space endowed with a monomorphism fy : X, — Y, which induces an isomorphism
X red = Y red- Thus X is an affine scheme by Limits of Spaces, Proposition [15.2]
(as X rea — X is surjective and integral). To finish the proof it suffices to show
that X — Y, is a closed immersion which we will do in the next paragraph.

Let X — Y be a monomorphism of affine schemes such that X,.q = X Xy Yyeq =
Y,eq- In general, this does not imply that X — Y is a closed immersion, see
Examples, Section However, under our assumption (4) we know that in the
previous parapgrah either X, — Y, is of finite type or Y) is Noetherian. This
means that X — Y corresponds to a ring map R — A such that R/I — A/IA is
an isomorphism where I C R is the nil radical (ie., the maximal locally nilpotent
ideal of R) and either R — A is of finite type or R is Noetherian. In the first case
R — A is surjective by Algebra, Lemma and in the second case I is finitely
generated, hence nilpotent, hence R — A is surjective by Nakayama’s lemma, see

Algebra, Lemma part (11). O

28. Restricted power series

Let A be a topological ring complete with respect to a linear topology (More on
Algebra, Definition [36.1). Let I) be a fundamental system of open ideals. Let r > 0
be an integer. In this setting one often denotes

A{zy, ...,z } =limy A/I\[z1, ..., 2] = limy(A[z1, ..., 2]/ NA[z1, ..., 20])

endowed with the limit topology. In other words, this is the completion of the poly-
nomial ring with respect to the ideals I,. We can think of elements of A{z1,...,z,}
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as power series

€r

apxst ...zl

f = ZE:((ilr"?eT)

in x1,...,x, with coefficients ag € A which tend to zero in the topology of A. In
other words, for any A all but a finite number of ag are in I. For this reason
elements of A{x1,...,z,} are sometimes called restricted power series. Sometimes
this ring is denoted A(xy,...,z,); we will refrain from using this notation.

Remark 28.1 (Universal property restricted power series). Let A — C be a
continuous map of complete linearly topologized rings. Then any A-algebra map
Alzq,...x,] = C extends uniquely to a continuous map A{zy,...,z.} — C on
restricted power series.

Remark| 28.2. Let A be a ring and let I C A be an ideal. If A is [-adically com-
plete, then the I-adic completion A[zy,...,z,]" of Alzy,...,z,] is the restricted
power series ring over A as a ring. However, it is not clear that A[zq,...,z.|"
is I-adically complete. We think of the topology on A{z,...,z,.} as the limit
topology (which is always complete) whereas we often think of the topology on
Alxy,...,z.]" as the I-adic topology (not always complete). If T is finitely gener-
ated, then A{z1,...,z,} = Alz1,...,x,])" as topological rings, see Algebra, Lemma
96.3]

29. Algebras topologically of finite type

Here is our definition. This definition is not generally agreed upon. Many authors
impose further conditions, often because they are only interested in specific types
of rings and not the most general case.

Definition 29.1. Let A — B be a continuous map of topological rings (More on
Algebra, Definition [36.1)). We say B is topologically of finite type over A if there
exists an A-algebra map A[zq,...,z,] — B whose image is dense in B.

If A is a complete, linearly topologized ring, then the restricted power series ring
A{zy,...,x,.} is topologically of finite type over A. If k is a field, then the power
series ring k[[z1,...,x,]] is topologically of finite type over k.

For continuous taut maps of weakly admissible topological rings, being topologically
of finite type corresponds exactly to morphisms of finite type between the associated
affine formal algebraic spaces.

Lemma 29.2. Let S be a scheme. Let ¢ : A — B be a continuous map of weakly
admissible topological rings over S. The following are equivalent

(1) Spfle) : Y = SpfiB) — SpflA) = X s of finite type,
(2) ¢ is taut and B is topologically of finite type over A.

Proof. We can use Lemma to relate tautness of ¢ to representability of
Spf(y). We will use this without further mention below. It follows that X =
colim Spec(A/I) and Y = colim Spec(B/J(I)) where I C A runs over the weak
ideals of definition of A and J(I) is the closure of IB in B.

Assume (2). Choose a ring map Alxy,...,2,] — B whose image is dense. Then
Alzy,...,z,] = B — B/J(I) has dense image too which means that it is surjective.
Therefore B/J(I) is of finite type over A/I. Let T — X be a morphism with T'
a quasi-compact scheme. Then T' — X factors through Spec(A/I) for some I

[IDG67, Chapter 0,
7.5.3)
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(Lemma [9.4). Then T xx Y = T Xgpec(asr) Spec(B/J(I)), see proof of Lemma
[[9.8] Hence T xy X — T is of finite type as the base change of the morphism
Spec(B/J(I)) — Spec(A/I) which is of finite type. Thus (1) is true.

Assume (1). Pick any I C A as above. Since Spec(A/I) xx Y = Spec(B/J(I))
we see that A/I — B/J(I) is of finite type. Choose b1,...,b. € B mapping
to generators of B/J(I) over A/I. We claim that the image of the ring map
Alzy,...,z,] — B sending z; to b; is dense. To prove this, let I’ C I be a second
weak ideal of definition. Then we have

B/(J(I')+IB) = B/J(I)

because J(I) is the closure of IB and because J(I') is open. Hence we may apply
Algebra, Lemma [126.9|to see that (A/I")[z1,...,x,] = B/J(I') is surjective. Thus
(2) is true, concluding the proof. (]

Let A be a topological ring complete with respect to a linear topology. Let (I))
be a fundamental system of open ideals. Let C be the category of inverse systems
(By) where
(1) B, is a finite type A/I-algebra, and
(2) B, — B, isan A/I,-algebra homomorphism which induces an isomorphism
.B#/I)\B'u — Bi.

Morphisms in C are given by compatible systems of homomorphisms.

Lemma 29.3. Let S be a scheme. Let X be an affine formal algebraic space over
S. Assume X is McQuillan and let A be the weakly admissible topological ring
associated to X. Then there is an anti-equivalence of categories between

(1) the category C introduced above, and
(2) the category of maps Y — X of finite type of affine formal algebraic spaces.

Proof. Let (I)) be a fundamental system of weakly admissible ideals of definition
in A. Consider Y as in (2). Then Y xx Spec(A/I,) is affine (Definition and
Lemma [19.7). Say Y xx Spec(A/I,) = Spec(B,). The ring map A/I, — B, is of
finite type because Spec(B)) — Spec(A/I) is of finite type (by Definition .
Then (B,) is an object of C.

Conversely, given an object (By) of C we can set Y = colim Spec(B)). This is an
affine formal algebraic space. We claim that

Y xx Spec(A4/I,) = (colim,, Spec(B,,)) x x Spec(A/I,) = Spec(By)

To show this it suffices we get the same values if we evaluate on a quasi-compact
scheme U. A morphism U — (colim, Spec(B,,)) xx Spec(A/I)) comes from a
morphism U — Spec(B,,) Xspec(a/1,) Spec(A/Iy) for some p > A (use Lemma
M two times). Since Spec(B,) Xspec(a/1,) SPec(A/Ix) = Spec(By) by our second
assumption on objects of C this proves what we want. Using this we can show the
morphism Y — X is of finite type. Namely, we note that for any morphism U — X
with U a quasi-compact scheme, we get a factorization U — Spec(A/I)) — X for
some A (see lemma cited above). Hence

Y Xx Uu=Y Xx Spec(A/I)\)) XSpec(A/IA) U= Spec(B,\) XSpec(A/IA) U

is a scheme of finite type over U as desired. Thus the construction (B,)
colim Spec(B,) does give a functor from category (1) to category (2).
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To finish the proof we show that the above constructions define quasi-inverse func-
tors between the categories (1) and (2). In one direction you have to show that

(colim,, Spec(B,)) x x Spec(A/I) = Spec(B))

for any object (B)) in the category C. This we proved above. For the other direction
you have to show that

Y = colim(Y xx Spec(A/I)))

given Y in the category (2). Again this is true by evaluating on quasi-compact test
objects and because X = colim Spec(A/I). O

Remark 29.4. Let A be a weakly admissible topological ring and let (I)) be a
fundamental system of weak ideals of definition. Let X = Spf(A), in other words,
X is a McQuillan affine formal algebraic space. Let f : Y — X be a morphism of
affine formal algebraic spaces. In general it will not be true that Y is McQuillan.
More specifically, we can ask the following questions:

(1) Assume that f : Y — X is a closed immersion. Then Y is McQuillan
and f corresponds to a continuous map ¢ : A — B of weakly admissible
topological rings which is taut, whose kernel K C A is a closed ideal, and
whose image ¢(A) is dense in B, see Lemma What conditions on A
guarantee that B = (A/K)" as in Example [27.6]

(2) What conditions on A guarantee that closed immersions f : Y — X cor-
respond to quotients A/K of A by closed ideals, in other words, the corre-
sponding continuous map ¢ is surjective and open?

(3) Suppose that f:Y — X is of finite type. Then we get Y = colim Spec(B))
where (B)) is an object of C by Lemma In this case it is true that
there exists a fixed integer r such that B) is generated by r elements over
A/I\ for all A (the argument is essentially already given in the proof of
(1) = (2) in Lemma [29.2). However, it is not clear that the projections
lim By, — B, are surjective, i.e., it is not clear that Y is McQuillan. Is
there an example where Y is not McQuillan?

(4) Suppose that f : Y — X is of finite type and Y is McQuillan. Then f
corresponds to a continuous map ¢ : A — B of weakly admissible topolog-
ical rings. In fact ¢ is taut and B is topologically of finite type over A, see
Lemma [29.2] In other words, f factors as

Y — Ay — X

where the first arrow is a closed immersion of McQuillan affine formal alge-
braic spaces. However, then questions (1) and (2) are in force for Y — A’

Below we will answer these questions when X is countably indexed, i.e., when
A has a countable fundamental system of open ideals. If you have answers to
these questions in greater generality, or if you have counter examples, please email
stacks.project@gmail.com.

Lemma 29.5. Let S be a scheme. Let X be a countably indexed affine formal
algebraic space over S. Let f :Y — X be a closed immersion of formal algebraic

spaces over S. Then Y is a countably indexed affine formal algebraic space and
f corresponds to A — AJK where A is an object of WAdm "™ (Section and
K C A is a closed ideal.
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Proof. By Lemma we see that X = Spf(A) where A is an object of WAdm*"™".
Since a closed immersion is representable and affine, we conclude by Lemma [T9.9]
that Y is an affine formal algebraic space and countably index. Thus applying
Lemma [10.4] again we see that Y = Spf(B) with B an object of WAdm®""". By
Lemma [27.5| we conclude that f is given by a morphism A — B of WAdm®""
which is taut and has dense image. To finish the proof we apply Lemma[5.10] O

Lemma 29.6. Let B — A be an arrow of WAdm®"", see Section 21, The
following are equivalent

(a) B — A is taut and B/J — A/I is of finite type for every weak ideal of
definition J C B where I C A is the closure of JA,

(b) B — A is taut and B/Jy — A/Iy is of finite type for a cofinal system (Jy)
of weak ideals of definition of B where Iy C A is the closure of J)\A,

(¢) B — A is taut and A is topologically of finite type over B,

(d) A is isomorphic as a topological B-algebra to a quotient of B{x1,...,xn}
by a closed ideal.

Moreover, these equivalent conditions define a local property, i.e., they satisfy Az-

0ms , (@, (@

Proof. The implications (a) = (b), (c) = (a), (d) = (c) are straightforward from
the definitions. Assume (b) holds and let J C B and I C A be as in (a). Choose a
commutative diagram

A As A, Ay
| L
B B/ Js B/J, — B/.J;

such that A,41/JnAn+1 = A, and such that A = lim A,, as in Lemma m For
every m there exists a A such that Jy C J,,. Since B/Jy — A/I is of finite type,
this implies that B/J,, — A/I,, is of finite type. Let a, ..., a, € Aj be generators
of Ay over B/J;. Since A is a countable limit of a system with surjective transition
maps, we can find aq,...,a, € A mapping to ay,...,a, in A;. By Remark
we find a continuous map B{x,...,2,} — A mapping z; to a;. This map induces
surjections (B/Jm)[x1,...,2n] = A by Algebra, Lemma For m > 1 we
obtain a short exact sequence

0— K — (B/Jw)[z1, . 2n] = A — 0

The induced transition maps K, 11 — K, are surjective because A, 11/ JmAmi1 =
A,,. Hence the inverse limit of these short exact sequences is exact, see Algebra,
Lemma Since B{z1,...,xn} = Um(B/Jp)[z1,...,2,] and A = lim A,, we
conclude that B{z1,...,z,} — A is surjective and open. As A is complete the
kernel is a closed ideal. In this way we see that (a), (b), (c), and (d) are equivalent.

Let a diagram as in Situation be given. By Example the maps
A — (A)N and B — (B')" satisfy (a), (b), (¢), and (d). Moreover, by Lemma
22.1] in order to prove Axioms and (2) we may assume both B — A and
(B — (A" are taut. Now pick a weak ideal of definition J C B. Let J' C (B")",
IC A, I'C (A)" be the closure of J(B)", JA, J(A")". By what was said above,
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it suffices to consider the commutative diagram

AJ] —— (AT

Ty

BJJ — (B’

and to show (1) @ finite type = ¥’ finite type, and (2) if A — A’ is faithfully
flat, then %' finite type = @ finite type. Note that (B')"/J' = B’/JB’ and
(AYN/I' = A’/TA’ by the construction of the topologies on (B’)" and (A")". In
particular the horizontal maps in the diagram are étale. Part (1) now follows from
Algebra, Lemma and part (2) from Descent, Lemma as the ring map
AJT — (A)N/T' = A'/TA' is faithfully flat and étale.

We omit the proof of Axiom . O

Lemmal 29.7. In Lemma if B is admissible (for example adic), then the
equivalent conditions (a) — (d) are also equivalent to

(e) B — A is taut and B/J — A/I is of finite type for some ideal of definition
J C B where I C A is the closure of JA.

Proof. It is enough to show that (e) implies (a). Let J' C B be a weak ideal of
definition and let I’ C A be the closure of J'A. We have to show that B/J' — A/I’
is of finite type. If the corresponding statement holds for the smaller weak ideal of
definition J” = J' N J, then it holds for J’. Thus we may assume J' C J. As J is
an ideal of definition (and not just a weak ideal of definition), we get J" C J’ for
some n > 1. Thus we can consider the diagram

0 I/r AT A/T 0
ol
0 J)J B/J' B/J 0

with exact rows. Since I’ C A is open and since I is the closure of JA we see that
I/I' = (J/J") - A/I'. Because J/J' is a nilpotent ideal and as B/J — A/I is of
finite type, we conclude from Algebra, Lemma that A/I' is of finite type over
B/J" as desired. O

Lemma 29.8. Let S be a scheme. Let f : X — Y be a morphism of affine formal
algebraic spaces. Assume'Y countably indexed. The following are equivalent

(1) f is locally of finite type,

(2) f is of finite type,

(3) f corresponds to a morphism B — A of WAdm*™* (Section satisfying
the equivalent conditions of Lemma [29.6

Proof. Since X and Y are affine it is clear that conditions (1) and (2) are equiv-
alent. In cases (1) and (2) the morphism f is representable by algebraic spaces
by definition, hence affine by Lemma Thus if (1) or (2) holds we see that
X is countably indexed by Lemma Write X = Spf(A4) and Y = Spf(B) for
topological S-algebras A and B in WAdm"™, see Lemma By Lemma
we see that f corresponds to a continuous map B — A. Hence now the result
follows from Lemma O
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Lemma 29.9. Let S be a scheme. Let f : X — Y be a morphism of locally
countably indezed formal algebraic spaces over S. The following are equivalent

(1) for every commutative diagram

U——V

o

X —Y

with U and V' affine formal algebraic spaces, U — X and V. — Y repre-
sentable by algebraic spaces and étale, the morphism U — V corresponds
to a morphism of WAdm® """ which is taut and topologically of finite type,
(2) there exists a covering {Y; — Y} as in Definition and for each j a
covering {X;; = Y; xy X} as in Deﬁm’tion such that each Xj; —'Y;
corresponds to a morphism of WAdm®"™ which is taut and topologically of
finite type,
(3) there exist a covering {X; — X} as in Definition and for each i a
factorization X; — Y; — Y where Y; is an affine formal algebraic space,
Y; — Y is representable by algebraic spaces and étale, and X; — Y; cor-
responds to a morphism of WAdm"™ which is, taut and topologically of
finite type, and
(4) f is locally of finite type.
Proof. By Lemma the property P(p) =“p is taut and topologically of finite
type” is local on WAdm®“". Hence by Lemma we see that conditions (1),
(2), and (3) are equivalent. On the other hand, by Lemma the condition P on
morphisms of WAdm "™ corresponds exactly to morphisms of countably indexed,
affine formal algebraic spaces being locally of finite type. Thus the implication (1)
= (3) of Lemma shows that (4) implies (1) of the current lemma. Similarly,
the implication (4) = (1) of Lemma [24.6] shows that (2) implies (4) of the current
lemma. (]

30. Separation axioms for morphisms

This section is the analogue of Morphisms of Spaces, Section [4] for morphisms of
formal algebraic spaces.

Definition 30.1. Let S be a scheme. Let f: X — Y be a morphism of formal
algebraic spaces over S. Let Ax/y : X — X Xy X be the diagonal morphism.

(1) We say f is separated if Ax/y is a closed immersion.

(2) We say f is quasi-separated if Ax/y is quasi-compact.

Since Ax/y is representable (by schemes) by Lemma we can test this by
considering morphisms 77— X xy X from affine schemes T" and checking whether

E=T XX xy X X —T
is quasi-compact or a closed immersion, see Lemma [I7.5] or Definition 27.1] Note

that the scheme F is the equalizer of two morphisms a,b : T'— X which agree as
morphisms into Y and that £ — T is a monomorphism and locally of finite type.

Lemmal 30.2. All of the separation axioms listed in Definition are stable
under base change.


https://stacks.math.columbia.edu/tag/0ANW
https://stacks.math.columbia.edu/tag/0ARN
https://stacks.math.columbia.edu/tag/0ARP

0ARQ

0ARR

0ARS

FORMAL ALGEBRAIC SPACES 70

Proof. Let f: X — Y and Y/ — Y be morphisms of formal algebraic spaces. Let
J': X" = Y’ be the base change of f by Y — Y. Then Ax//y is the base change
of Ax/y by the morphism X’ xys X" = X xy X. Each of the properties of the
diagonal used in Definition [30.1] is stable under base change. Hence the lemma is
true. (]

Lemma 30.3. Let S be a scheme. Let f : X — Z, g:Y — Z and Z — T
be morphisms of formal algebraic spaces over S. Consider the induced morphism
1: X XzY > X x7Y. Then

(1) @ 4s representable (by schemes), locally of finite type, locally quasi-finite,
separated, and a monomorphism,

(2) if Z — T is separated, then i is a closed immersion, and

(3) if Z — T is quasi-separated, then i is quasi-compact.

Proof. By general category theory the following diagram
XXzY —XXx7Y

| o

72 gxr 7
is a fibre product diagram. Hence 7 is the base change of the diagonal morphism
Agzr. Thus the lemma follows from Lemma m O

Lemma 30.4. All of the separation axioms listed in Definition are stable
under composition of morphisms.

Proof. Let f: X — Y and g: Y — Z be morphisms of formal algebraic spaces to
which the axiom in question applies. The diagonal Ay, is the composition

X—)XXyX—>X><ZX.

Our separation axiom is defined by requiring the diagonal to have some property
P. By Lemma [30.3] above we see that the second arrow also has this property.
Hence the lemma follows since the composition of (representable) morphisms with
property P also is a morphism with property P. O

Lemma 30.5. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. Let P be any of the separation azioms of Definition [30_1]
The following are equivalent
(1) fisP,
(2) for every scheme Z and morphism Z — Y the base change Z xy X — Z
of [ is P,
(3) for every affine scheme Z and every morphism Z — Y the base change
Zxy X —=Z of fisP,
(4) for every affine scheme Z and every morphism Z —'Y the formal algebraic
space Z Xy X is P (see Definition ,
(5) there exists a covering {Y; — Y} as in Definition such that the base
change Y; xy X —Y; has P for all j.

Proof. We will repeatedly use Lemma without further mention. In particular,
it is clear that (1) implies (2) and (2) implies (3).
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Assume (3) and let Z — Y be a morphism where Z is an affine scheme. Let U, V
be affine schemes and let a : U — Z xy X and b : V — Z xy X be morphisms.
Then

UXzxyx V=(Z xy X) Xa,(zxy X)xz(2xyx) (U xzV)
and we see that this is quasi-compact if P =“quasi-separated” or an affine scheme
equipped with a closed immersion into U xz V if P =“separated”. Thus (4) holds.

Assume (4) and let Z — Y be a morphism where Z is an affine scheme. Let U, V
be affine schemes and let a : U — Z xy X and b : V — Z Xy X be morphisms.
Reading the argument above backwards, we see that U xXzx,x V — U xz V is
quasi-compact if P =“quasi-separated” or a closed immersion if P =“separated”.
Since we can choose U and V as above such that U varies through an étale covering
of Z xy X, we find that the corresponding morphisms

UXZV—>(Z><yX) Xz(ZXyX)

form an étale covering by affines. Hence we conclude that A : (Z xy X) — (Z xy
X) xz (Z xy X) is quasi-compact, resp. a closed immersion. Thus (3) holds.

Let us prove that (3) implies (5). Assume (3) and let {Y; — Y’} be as in Definition
We have to show that the morphisms

AjSY’ijX*)(Y*j XyX) ><yj (Y} XyX):Y}XyXXyX

has the corresponding property (i.e., is quasi-compact or a closed immersion). Write
Y; = colimYj  as in Definition @ Replacing Y; by Y; » in the formula above, we
have the property by our assumption that (3) holds. Since the displayed arrow is the
colimit of the arrows A; » and since we can test whether A; has the corresponding
property by testing after base change by affine schemes mapping into Y; xy X xy X,
we conclude by Lemma [0.4]

Let us prove that (5) implies (1). Let {Y; — Y} be as in (5). Then we have the
fibre product diagram

H}/}XyX X

| |

H}/j XyXXyXHXXyX

By assumption the left vertical arrow is quasi-compact or a closed immersion. It
follows from Spaces, Lemma that also the right vertical arrow is quasi-compact
or a closed immersion. O

31. Proper morphisms
Here is the definition we will use.

Definition 31.1. Let S be a scheme. Let f : Y — X be a morphism of formal
algebraic spaces over S. We say f is proper if f is representable by algebraic spaces
and is proper in the sense of Bootstrap, Definition

It follows from the definitions that a proper morphism is of finite type.

Lemma 31.2. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S. The following are equivalent

(1) f is proper,
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(2) for every scheme Z and morphism Z — Y the base change Z xy X — Z
of f is proper,

(3) for every affine scheme Z and every morphism Z — Y the base change
Z xy X — Z of [ is proper,

(4) for every affine scheme Z and every morphism Z — 'Y the formal algebraic
space Z Xy X is an algebraic space proper over Z,

(5) there exists a covering {Y; — Y} as in Definition such that the base
change Y; xy X — Y is proper for all j.

Proof. Omitted. |

Lemma 31.3. Proper morphisms of formal algebraic spaces are preserved by base
change.

Proof. This is an immediate consequence of Lemma, and transitivity of base
change. ([l

32. Formal algebraic spaces and fpqc coverings

This section is the analogue of Properties of Spaces, Section Please read that
section first.

Lemma 32.1. Let S be a scheme. Let X be a formal algebraic space over S. Then
X satisfies the sheaf property for the fpqc topology.

Proof. The proof is identical to the proof of Properties of Spaces, Proposition
Since X is a sheaf for the Zariski topology it suffices to show the following.
Given a surjective flat morphism of affines f : 77 — T we have: X(T) is the
equalizer of the two maps X(T") — X (T" xp T"). See Topologies, Lemma

Let a,b: T — X be two morphisms such that ao f = bo f. We have to show a = b.
Consider the fibre product

E=X XAy, s, xxsX,(ab) T

By Lemma the morphism Ax,g is a representable monomorphism. Hence
E — T is a monomorphism of schemes. Our assumption that a o f = bo f implies
that 7" — T factors (uniquely) through E. Consider the commutative diagram

T xr E——F

e

T7——T

Since the projection T X7 E — T" is a monomorphism with a section we conclude it
is an isomorphism. Hence we conclude that F — T is an isomorphism by Descent,
Lemma 23.17l This means a = b as desired.

Next, let ¢ : T — X be a morphism such that the two compositions 7" x T" —
T’ — X are the same. We have to find a morphism a : T — X whose composition
with T/ — T is ¢. Choose a formal affine scheme U and an étale morphism U — X
such that the image of |[U| — | X,.q4| contains the image of |c| : |T'| = | Xyeq|. This
is possible by Definition[I1.1} Properties of Spaces, Lemmal4.6] the fact that a finite
union of formal affine algebraic spaces is a formal affine algebraic space, and the


https://stacks.math.columbia.edu/tag/0GBT
https://stacks.math.columbia.edu/tag/0AQD

0AQE

0AQF

FORMAL ALGEBRAIC SPACES 73

fact that |T”| is quasi-compact (small argument omitted). The morphism U — X
is representable by schemes (Lemma [9.11)) and separated (Lemma [16.5)). Thus

V=Uxx.T —T

is an étale and separated morphism of schemes. It is also surjective by our choice
of U — X (if you do not want to argue this you can replace U by a disjoint union
of formal affine algebraic spaces so that U — X is surjective everything else still
works as well). The fact that ¢ o pry = c o pr; means that we obtain a descent
datum on V/T’/T (Descent, Definition because

14 X (T’ XT T/) =U XX,copro (T/ X7 TI>
=(T" %70 T") Xcopr,, x U
= (T/ XT T/) X1 1%

The morphism V — 7" is ind-quasi-affine by More on Morphisms, Lemma [66.8|
(because étale morphisms are locally quasi-finite, see Morphisms, Lemma .
By More on Groupoids, Lemma [I5.3] the descent datum is effective. Say W — T is
a morphism such that there is an isomorphism « : 77 xp W — V compatible with
the given descent datum on V' and the canonical descent datum on 77 x7 W. Then
W — T is surjective and étale (Descent, Lemmas and [23.29). Consider the
composition
VT xe W —V=Uxx.T —U

The two compositions b’ o (pry,1),0" o (pry, 1) : (T" x7 T") xe W = T' xo W = U
agree by our choice of a and the corresponding property of ¢ (computation omitted).
Hence &’ descends to a morphism b : W — U by Descent, Lemma[13.7] The diagram

T xp W —W — U

T = )l(
is commutative. What this means is that we have proved the existence of a étale
locally on T, i.e., we have an a’ : W — X. However, since we have proved unique-
ness in the first paragraph, we find that this étale local solution satisfies the glueing

condition, i.e., we have prja’ = pria’ as elements of X (W xr W). Since X is an
étale sheaf we find an unique a € X (T) restricting to o’ on W. O

33. Maps out of affine formal schemes

We prove a few results that will be useful later. In the paper [Bhal6] the reader
can find very general results of a similar nature.

Lemmal 33.1. Let S be a scheme. Let A be a weakly admissible topological S-

algebra. Let X be an affine scheme over S. Then the natural map
Morg(Spec(A), X) — Morg(Spf(A), X)

is bijective.

Proof. If X is affine, say X = Spec(B), then we see from Lemma that mor-

phisms Spf(A) — Spec(B) correspond to continuous S-algebra maps B — A where

B has the discrete topology. These are just S-algebra maps, which correspond to
morphisms Spec(A) — Spec(B). O
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Lemmal 33.2. Let S be a scheme. Let A be a weakly admissible topological S-
algebra such that A/I is a local ring for some weak ideal of definition I C A. Let
X be a scheme over S. Then the natural map

Morg(Spec(A), X) — Morg(Spf(A), X)
is bijective.
Proof. Let ¢ : Spf(4) — X be a morphism. Since Spec(A/I) is local we see
that ¢ maps Spec(A/I) into an affine open U C X. However, this then implies
that Spec(A/J) maps into U for every ideal of definition J. Hence we may apply

Lemma to see that ¢ comes from a morphism Spec(A) — X. This proves
surjectivity of the map. We omit the proof of injectivity. a

Lemma 33.3. Let S be a scheme. Let R be a complete local Noetherian S-algebra.
Let X be an algebraic space over S. Then the natural map

Morg(Spec(R), X) — Morg(Spf(R), X)
is bijective.
Proof. Let m be the maximal ideal of R. We have to show that
Morg(Spec(R), X) — lim Morg(Spec(R/m"), X)
is bijective for R as above.

Injectivity: Let x,2’ : Spec(R) — X be two morphisms mapping to the same
element in the right hand side. Consider the fibre product

T = Spec(R) X(z,2/),xxsX,A X

Then T is a scheme and T" — Spec(R) is locally of finite type, monomorphism,
separated, and locally quasi-finite, see Morphisms of Spaces, Lemma In par-
ticular T is locally Noetherian, see Morphisms, Lemma Let ¢ € T be the
unique point mapping to the closed point of Spec(R) which exists as x and 2’
agree over R/m. Then R — Op is a local ring map of Noetherian rings such that
R/m" — Op,/m"Or, is an isomorphism for all n (because = and x’ agree over
Spec(R/m™) for all n). Since O, maps injectively into its completion (see Algebra,
Lemma we conclude that R = Op. Hence « and 2’ agree over R.

Surjectivity: Let (z,) be an element of the right hand side. Choose a scheme U
and a surjective étale morphism U — X. Denote x( : Spec(k) — X the morphism
induced on the residue field k = R/m. The morphism of schemes U X x 4, Spec(k) —
Spec(k) is surjective étale. Thus U x x 4, Spec(k) is a nonempty disjoint union of
spectra of finite separable field extensions of k, see Morphisms, Lemma[36.7] Hence
we can find a finite separable field extension k'/k and a k’-point ug : Spec(k’) — U
such that
Spec(k') ——U

|

Spec(k) —> X

commutes. Let R C R’ be the finite étale extension of Noetherian complete local
rings which induces k'/k on residue fields (see Algebra, Lemmas and [153.9).
Denote z), the restriction of z, to Spec(R'/m"R’'). By More on Morphisms of
Spaces, Lemma we can find an element (u},) € lim Morg(Spec(R'/m™R’),U)
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mapping to (x]). By Lemma the family (u/,) comes from a unique morphism
u’ : Spec(R’) — U. Denote 2’ : Spec(R’) — X the composition. Note that R’ @ R’
is a finite product of spectra of Noetherian complete local rings to which our current
discussion applies. Hence the diagram

Spec(R' @ R') — Spec(R')

Spec(R’) T X

is commutative by the injectivity shown above and the fact that a7, is the restriction
of x,, which is defined over R/m". Since {Spec(R’) — Spec(R)} is an fppf covering
we conclude that 2’ descends to a morphism z : Spec(R) — X. We omit the proof
that x,, is the restriction of z to Spec(R/m"). O

0GBU |Lemma 33.4. LetS be a scheme. Let X be an algebraic space over S. LetT C | X|
be a closed subset such that X \T — X is quasi-compact. Let R be a complete local
Noetherian S-algebra. Then an adic morphism p : SpfiR) — X, corresponds to a
unique morphism g : Spec(R) — X such that g~ 1(T) = {mg}.

Proof. The statement makes sense because X/ is adic* by Lemma (and hence
we're allowed to use the terminology adic for morphisms, see Definition[23.2)). Let p
be given. By Lemmawe get a unique morphism g : Spec(R) — X correspond-
ing to the composition Spf(R) — X, — X. Let Z C X be the reduced induced
closed subspace structure on 7. The incusion morphism Z — X corresponds to a
morphism Z — X 7. Since p is adic it is representable by algebraic spaces and we
find
Spf(R) XX/T Z = Spf(R) Xx 4

is an algebraic space endowed with a closed immersion to Spf(R). (Equality holds
because X, — X is a monomorphism.) Thus this fibre product is equal to
Spec(R/J) for some ideal J C R wich contains m7’ for some ng > 1. This im-
plies that Spec(R) xx Z is a closed subscheme of Spec(R), say Spec(R) Xx Z =
Spec(R/I), whose intersection with Spec(R/m%) for n > ng is equal to Spec(R/J).
In algebraic terms this says I + m% = J + m% = J for all n > ng. By Krull’s
intersection theorem this implies I = J and we conclude. (I

34. The small étale site of a formal algebraic space

0DE9 The motivation for the following definition comes from classical formal schemes: the
underlying topological space of a formal scheme (¥, Ox) is the underlying topolog-
ical space of the reduction X,.q4.

An important remark is the following. Suppose that X is an algebraic space with
reduction X,.q (Properties of Spaces, Definition [12.5)). Then we have

Xspaces,étale = X'red,spaces,étalea Xétale = Xred,étala Xaffine,étale = Xred,affine,étale

by More on Morphisms of Spaces, Theorem and Lemma Therefore the
following definition does not conflict with the already existing notion in case our
formal algebraic space happens to be an algebraic space.

0DEA Definition 34.1. Let S be a scheme. Let X be a formal algebraic space with
reduction X,..q (Lemma [12.1)).
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(1) The small étale site X¢iqre of X is the site Xyeq ¢tare of Properties of Spaces,
Definition [I8.1]

(2) The site Xspaces,étate 15 the site Xyeq spaces,étate Of Properties of Spaces,
Definition 1821

(3) The site Xy ine,étate 1S the site Xy eq affine étale Of Properties of Spaces,

Lemma [18.6]

In Lemma [34.6) we will see that Xpaces,étate can be described by in terms of mor-
phisms of formal algebraic spaces which are representable by algebraic spaces and
étale. By Properties of Spaces, Lemmas and we have identifications

(3411) Sh(Xétale) = Sh(Xspaces,étale) = Sh(Xaffine,étale)
We will call this the (small) étale topos of X.

Lemmal 34.2. Let S be a scheme. Let f : X — Y be a morphism of formal
algebraic spaces over S.

(1) There is a continuous functor Yspaces,étale —> Xspaces,étale Which induces a
morphism of sites

fspaces,étale : Xspaces,étale — Y;paces,étala

(2) The rule f — fspacesétate 1S compatible with compositions, in other words
(f o g)spaces,étale = fspaces,étale O Gspaces,étale (363 Sites, Deﬁniti-

(3) The morphism of topoi associated to fspaces étaie induces, via ,a
morphism of topoi fsmai @ Sh(Xétate) = Sh(Yetare) whose construction is
compatible with compositions.

Proof. The only point here is that f induces a morphism of reductions X,¢q — Y;cq
by Lemma[12.1] Hence this lemma is immediate from the corresponding lemma for
morphisms of algebraic spaces (Properties of Spaces, Lemma [18.8)). (]

If the morphism of formal algebraic spaces X — Y is étale, then the morphism of
topoi Sh(Xestaie) = Sh(Yetaie) is a localization. Here is a statement.

Lemma 34.3. Let S be a scheme, and let f : X — Y be a morphism of formal
algebraic spaces over S. Assume f is representable by algebraic spaces and étale. In
this case there is a cocontinuous functor j : Xeraie = Yetale- The morphism of topoi
fsmau is the morphism of topoi associated to j, see Sites, Lemma[21.1. Moreover,
J is continuous as well, hence Sites, Lemma [21.5 applies.

Proof. This will follow immediately from the case of algebraic spaces (Properties
of Spaces, Lemma if we can show that the induced morphism X,.q — Y;.eq is
étale. Observe that X Xy Y,..q is an algebraic space, étale over the reduced algebraic
space Y4, and hence reduced itself (by our definition of reduced algebraic spaces
in Properties of Spaces, Section [7l Hence X,.q = X Xy Y, eq as desired. (Il

Lemma 34.4. Let S be a scheme. Let X be an affine formal algebraic space over
S. Then Xaf fineétale 15 equivalent to the category whose objects are morphisms
¢ : U —= X of formal algebraic spaces such that

(1) U is an affine formal algebraic space,
(2) ¢ is representable by algebraic spaces and étale.
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Proof. Denote C the category introduced in the lemma. Observe that for ¢ : U —
X in C the morphism ¢ is representable (by schemes) and affine, see Lemma m
Recall that Xof fine étate = Xred,af fine,étale- Hence we can define a functor

C— Xaffine,étale; (U — X) — U Xx Xred
because U X x X,¢q 1s an affine scheme.

To finish the proof we will construct a quasi-inverse. Namely, write X = colim X
as in Definition m For each A we have X,..q C X, is a thickening. Thus for every
A we have an equivalence

Xredﬂffine,étale = X/\,affine,étale
for example by More on Algebra, Lemma [11.2l Hence if U,cq — X,eq is an étale
morphism with U,..q affine, then we obtain a system of étale morphisms Uy — X
of affine schemes compatible with the transition morphisms in the system defining
X. Hence we can take
U = colim U,

as our affine formal algebraic space over X. The construction gives that U x x X =
Uy. This shows that U — X is representable and étale. We omit the verification
that the constructions are mutually inverse to each other. O

Lemma 34.5. Let S be a scheme. Let X be an affine formal algebraic space
over S. Assume X is McQuillan, i.e., equal to Spf(A) for some weakly admissible
topological S-algebra A. Then (Xof fine étale) PP is equivalent to the category whose

(1) objects are A-algebras of the form B" = lim B/JB where A — B is an
étale ring map and J runs over the weak ideals of definition of A, and
(2) morphisms are continuous A-algebra homomorphisms.

Proof. Combine Lemmas 34.4] and [19.13] O

Lemma 34.6. Let S be a scheme. Let X be a formal algebraic space over S. Then
Xspaces,étale 1S equivalent to the category whose objects are morphisms ¢ : U — X
of formal algebraic spaces such that ¢ is representable by algebraic spaces and étale.

Proof. Denote C the category introduced in the lemma. Recall that X ,qces,étate =
Xred,spaces,étale- Hence we can define a functor

c ” Xspaces,étalea (U - X) U X x Xyeq
because U X x X,q is an algebraic space étale over X, 4.

To finish the proof we will construct a quasi-inverse. Choose an object ¢ : V — X,..q
of Xred,spaces,étate. Consider the functor Uy, : (Sch/S) fpps — Sets given by

UV,w(T) = {(CLJ)) | a:T — X, b: T Xa,X Xred — ‘/, wob: a\TXa,XXNd}

We claim that the transformation Uy, — X, (a,b) + a defines an object of the
category C. First, let’s prove that Uy, is a formal algebraic space. Observe that
Uv,y is a sheaf for the fppf topology (some details omitted). Next, suppose that
X; — X is an étale covering by affine formal algebraic spaces as in Definition
Set V; =V Xxx, ., Xirea and denote 9; : V; = X; rcq the projection. Then we have

red
Uvy Xx Xi = Uy,

by a formal argument because X; req = X; Xx Xyeq (as X; — X is representable
by algebraic spaces and étale). Hence it suffices to show that Uy, 4, is an affine
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formal algebraic space, because then we will have a covering Uy, 4, — Uy, as in
Definition [II.1} On the other hand, we have seen in the proof of Lemma [34.3] that
1; + V; = X, is the base change of a representable and étale morphism U; — X;
of affine formal algebraic spaces. Then it is not hard to see that U; = Uy, 4, as
desired.

We omit the verification that Uy,, — X is representable by algebraic spaces and
étale. Thus we obtain our functor (V,¢) — (Uy,y, — X) in the other direction. We
omit the verification that the constructions are mutually inverse to each other. [

Lemma 34.7. Let S be a scheme. Let X be a formal algebraic space over S. Then
Xaffine,étale 15 equivalent to the category whose objects are morphisms ¢ : U — X
of formal algebraic spaces such that

(1) U is an affine formal algebraic space,
(2) ¢ is representable by algebraic spaces and étale.

Proof. This follows by combining Lemmas and [

35. The structure sheaf

Let X be a formal algebraic space. A structure sheaf for X is a sheaf of topological
rings Ox on the étale site X¢iq7e (which we defined in Section such that

OX(Ured) = lim F(U,\, OU)\)
as topological rings whenever

(1) ¢: U — X is a morphism of formal algebraic spaces,

(2) U is an affine formal algebraic space,

(3) ¢ is representable by algebraic spaces and étale,

(4) Ured = Xrea is the corresponding affine object of X¢iqie, see Lemma
(5) U = colim Uy is a colimit representation for U as in Definition

Structure sheaves exist but may behave in unexpected manner.
Lemma 35.1. Fvery formal algebraic space has a structure sheaf.

Proof. Let S be a scheme. Let X be a formal algebraic space over S. By
it suffices to construct Ox as a sheaf of topological rings on X, ¢ fine,étale. Denote
C the category whose objects are morphisms ¢ : U — X of formal algebraic spaces
such that U is an affine formal algebraic space and ¢ is representable by algebraic
spaces and étale. By Lemma the functor U — U,.q is an equivalence of
categories C — X7 fine,étale- Hence by the rule given above the lemma, we already
have Ox as a presheaf of topological rings on X ¢fine,étale- Thus it suffices to check
the sheaf condition.

By definition of Xg¢fine étate @ covering corresponds to a finite family {g; : U; —
U}i=1,...,n of morphisms of C such that {U; eq — Uyeq} is an étale covering. The
morphisms g¢; are representably by algebraic spaces (Lemma hence affine
(Lemma. Then g; is étale (follows formally from Properties of Spaces, Lemma
as U; and U are étale over X in the sense of Bootstrap, Section . Finally,
write U = colim Uy as in Definition [9.1

With these preparations out of the way, we can prove the sheaf property as follows.
For each A we set U; » = U; xy Uy and U;; » = (U; Xy Uj) xy Ux. By the above,
these are affine schemes, {U; x — U, } is an étale covering, and U;; x» = U; x xp, Uj A


https://stacks.math.columbia.edu/tag/0DEH
https://stacks.math.columbia.edu/tag/0DEJ

0DEK

0DEL

FORMAL ALGEBRAIC SPACES 79

Also we have U; = colimU; , and U; xy U; = colim U;; 5. For each A we have an
exact sequence

0— F(U)\, OU/\) — Hl P(Ui’)\, OUi,,\) — Hi.j F(Uij’,h OUij,A)

as we have the sheaf condition for the structure sheaf on U, and the étale topology
(see Etale Cohomology, Proposition [17.1)). Since limits commute with limits, the
inverse limit of these exact sequences is an exact sequence

0 — limT(Uy, Op, ) — Hi HmT(U; 5, Ou, ) — HJ Lim Uy 5, Ou,, ,)
which exactly means that
0= Ox(Urea) = Hi Ox (Ui,rea) — Hij Ox (Ui xu Uj)rea)
is exact and hence the sheaf propery holds as desired. [

Remark| 35.2. The structure sheaf does not always have “enough sections”. In
Examples, Section [74] we have seen that there exist affine formal algebraic spaces
which aren’t McQuillan and there are even examples whose points are not separated
by regular functions.

In the next lemma we prove that the structure sheaf on a countably indexed affine
formal scheme has vanishing higher cohomology. For non-countably indexed ones,
presumably this generally doesn’t hold.

Lemma 35.3. If X is a countably indexed affine formal algebraic space, then we
have H™(Xgta1e, Ox) = 0 for n > 0.

Proof. We may work with X fine,stale as this gives the same topos. We will apply
Cohomology on Sites, Lemma to show we have vanishing. Since Xt fine,étale
has finite disjoint unions, this reduces us to the Cech complex of a covering given
by a Single arrow {Ured — ‘/red} in Xaffine,étale = Xred,affine,étale (See Etale
Cohomology, Lemma . Thus we have to show that

0— OX(ered) — OX(Ured) — OX(Ured XVyed Ured) — .

is exact. We will do this below in the case V;.eq = X,eq. The general case is proven
in exactly the same way.

Recall that X = Spf(A) where A is a weakly admissible topological ring having a
countable fundamental system of weak ideals of definition. We have seen in Lemmas
and that the object Ureq in Xoffine étate corresponds to a morphism
U — X of affine formal algebraic spaces which is representable by algebraic space
and étale and U = Spf(B”) where B is an étale A-algebra. By our rule for the
structure sheaf we see
OX(Ured) = BA

We recall that B" = lim B/JB where the limit is over weak ideals of definition
J C A. Working through the definitions we obtain

OX(Ured XX red Ured) = (B ®a B)/\

and so on. Since U — X is a covering the map A — B is faithfully flat, see Lemma
[19.14] Hence the complex

0+A—B—+B)B—+B®,4B®sB— ...
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is universally exact, see Descent, Lemma Our goal is to show that
H"(0 - A" - B" 5 (B®4 B)" - (B®a B®4 B)" - ...)

is zero for n > 0. To see what is going on, let’s split our exact complex (before
completion) into short exact sequences

0—+A—B—M —0, 0—M— B 5 M, -0

By what we said above, these are universally exact short exact sequences. Hence
JM; = M;NJ(B®4"1) for every ideal J of A. In particular, the topology on M; as
a submodule of B®4¥*1 is the same as the topology on M; as a quotient module of
B®at, Therefore, since there exists a countable fundamental system of weak ideals
of definition in A, the sequences

0— A" - B 5 M -0, 0— M- (B®"™HN 5 M\, —0
remain exact by Lemma, This proves the lemma. O

Remark| 35.4. Even if the structure sheaf has good properties, this does not
mean there is a good theory of quasi-coherent modules. For example, in Examples,
Section [13| we have seen that for almost any Noetherian affine formal algebraic
spaces the most natural notion of a quasi-coherent module leads to a category of
modules which is not abelian.

36. Colimits of formal algebraic spaces

In this section we generalize the result of Section to the case of systems of
morphisms of formal algebraic spaces. We remark that in the lemmas below the
condition “ fy, : X\ — X, is a closed immersion inducing an isomorphism X req —
Xyred” can be reformulated as “fy, is representable and a thickening”.

Lemmal 36.1. Let S be a scheme. Suppose given a directed set A and a system
of affine formal algebraic spaces (Xx, fan) over A where each fr, : Xn — X,
is a closed immersion inducing an isomorphism X reqa — Xyreq. Then X =
colimyep Xy is an affine formal algebraic space over S.

Proof. We may write X = colim,cq, X, as the colimit of affine schemes over a
directed set €2 such that the transition morphisms X ., — X, . are thickenings.
For each A\, pp € A and w € Q,, with > A there exists an w’ € €, such that the
morphism X, ,, —+ X, factors through X, ., see Lemma @ Then the morphism
Xxw — Xy is a closed immersion inducing an isomorphism on reductions and
hence a thickening. Set Q =[], ., 2\ and say (\,w) < (p,w’) if and only if A < p
and X, ., — X, factors through X, ... It follows from the above that () is a
directed set and that X = colimyep X) = colim(y wyeq Xaw- This finishes the
proof. ([l

Lemmal 36.2. Let S be a scheme. Suppose given a directed set A and a system
of formal algebraic spaces (Xy, fan) over A where each fx, : Xx — X, is a closed
immersion inducing an isomorphism Xy reqd — Xy red- Then X = colimyep X\ is
a formal algebraic space over S.

Proof. Since we take the colimit in the category of fppf sheaves, we see that X is
a sheaf. Choose and fix A € A. Choose a covering {X; » — X} as in Definition
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In particular, we see that {X; x rea — X reqa} is an étale covering by affine
schemes. For each p > A there exists a cartesian diagram

Xix— Xi,

L

Xy — X,

with étale vertical arrows. Namely, the étale morphism X; x reqd = X red = Xy red
corresponds to an étale morphism X;, — X,, of formal algebraic spaces with X; ,
an affine formal algebraic space, see Lemma[34.4] The same lemma implies the base
change of X; ,, to X, agrees with X; 5. It also follows that X; , = X, XX, X, for
W >p> A Set X; =colimX, ,. Then X;, = X; xx X, (as functors). Since any
morphism 7' — X = colim X, from an affine (or quasi-compact) scheme 7" maps
into X, for some p, we see conclude that colim X; ,, — colim X, is étale. Thus, if we
can show that colim X, , is an affine formal algebraic space, then the lemma holds.
Note that the morphisms X;, — X,/ are closed immersions as a base change of
the closed immersion X,, — X,/. Finally, the morphism X; , yeq — Xi 1/ req is an
isomorphism as X, req — X,/ req is an isomorphism. Hence this reduces us to the
case discussed in Lemma [36.11 O

37. Recompletion

In this section we define the completion of a formal algebraic space along a closed
subset of its reduction. It is the natural generalization of Section

Lemmal 37.1. Let S be a scheme. Let X be an affine formal algebraic space over
S. Let T C | Xyed| be a closed subset. Then the functor

X2 (Sch/8S)fppy — Sets, Uwr—A{f:U— X: f(U]) CT}
is an affine formal algebraic space.

Proof. Write X = colim X as in Definition Then X) ;eq = Xreq and we
may and do view T as a closed subset of |Xy| = | X req|- By Lemma for
each A the completion (X),r is an affine formal algebraic space. The transition
morphisms (X)), — (X,),r are closed immersions as base changes of the tran-
sition morphisms X — X, see Lemma Also the morphisms ((X)/7)red —
((Xu)/T)req are isomorphisms by Lemma Since X p = colim(X) 7 we con-
clude by Lemma [36.1]

Lemma 37.2. Let S be a scheme. Let X be a formal algebraic space over S. Let
T C | Xred| be a closed subset. Then the functor

Xy : (Sch/8S)fppy — Sets, Uwr—A{f:U—= X | f(|U]) CT}
is a formal algebraic space.

Proof. The functor X,p is an fppf sheaf since if {U; — U} is an fppf covering,
then [|U;| — |U] is surjective.

Choose a covering {g; : X; — X }ier as in Definition The morphisms X; X x
Xp — X, are étale (see Spaces, Lemma and the map [[ X xx X7 — X/p
is a surjection of sheaves. Thus it suffices to prove that X, xx X; is an affine
formal algebraic space. A U-valued point of X; xx X,r is a morphism U — X;
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whose image is contained in the closed subset |g; rea| ™ (T) C |Xireal- Thus this
follows from Lemma B7.1] O

Definition 37.3. Let S be a scheme. Let X be a formal algebraic space over S.
Let T' C | X ed| be a closed subset. The formal algebraic space X /T of Lemmam
is called the completion of X along T.

Let f : X — X’ be a morphism of formal algebraic spaces over a scheme S. Suppose
that T C | X,eq| and T C |X],,| are closed subsets such that |freq|(T) C T”. Then
it is clear that f defines a morphism of formal algebraic spaces

X/T — X;T’
between the completions.

Lemmal 37.4. Let S be a scheme. Let f : X' — X be a morphism of formal
algebraic spaces over S. Let T C | X,eq| be a closed subset and let T' = | freq| ™ (T) C
| X/ ql- Then

X;T, — X’

| )

Xp—X
is a cartesian diagram of formal algebraic spaces over S.

Proof. Namely, observe that the horizontal arrows are monomorphisms by con-
struction. Thus it suffices to show that a morphism g : U — X’ from a scheme U
defines a point of X ;T if and only if f o g defines a point of X ;7. In other words,
we have to show that g(U) is contained in T" C | X/ ;| if and only if (f o g)(U) is
contained in T' C |X,¢q|. This follows immediately from our choice of T” as the
inverse image of T. O

Lemma 37.5. Let S be a scheme. Let X be a formal algebraic space over S. Let
T C |Xredl| be a closed subset. The reduction (X p)req of the completion X 1 of X
along T is the reduced induced closed subspace Z of X,.q corresponding to T.

Proof. It follows from Lemma Properties of Spaces, Definition m (which
uses Properties of Spaces, Lemma to construct Z), and the definition of X ,p
that Z and (X7 )req are reduced algebraic spaces characterized the same mapping
property: a morphism ¢ : Y — X whose source is a reduced algebraic space factors
through them if and only if |Y| maps into T' C |X]. O

Lemmal 37.6. Let S be a scheme. Let X be an affine formal algebraic space over
S. Let T C Xyeq be a closed subset and let X, be the formal completion of X
along T'. Then

(1) X7 is an affine formal algebraic space,

(2) if X is McQuillan, then X ,p is McQuillan,

(3) if | Xpeal \ T is quasi-compact and X is countably indexed, then X,r is

countably indexed,
(4) if | Xrea|l \ T is quasi-compact and X is adic*, then X ,p is adic*,
(5) if X is Noetherian, then X ,r is Noetherian.
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Proof. Part (1) is Lemma If X is McQuillan, then X = Spf(A4) for some
weakly admissible topological ring A. Then X ;7 — X — Spec(A) satisfies property
(2) of Lemma [9.6(and hence X 7 is McQuillan, see Definition

Assume X and T are as in (3). Then X = Spf(A4) where A has a fundamental
system A D I} D I, D I3 D ... of weak ideals of definition, see Lemma [10.4 By
Algebra, Lemmawe can find a finitely generated ideal J = (f,,..., f,) C A/L
such that T is cut out by J inside Spec(A/I;) = | X,cq|- Choose f; € A lifting f,.
If Z = Spec(B) is an affine scheme and g : Z — X is a morphism with ¢(Z) C T
(set theoretically), then g* : A — B factors through A/I,, for some n and g*(f;) is
nilpotent in B for each ¢. Thus Jy,n = (f1,...,fr)™ + I, maps to zero in B for
some n,m > 1. It follows that X ,p is the formal spectrum of limy, ,, A/Jm » and
hence countably indexed. This proves (3).

Proof of (4). Here the argument is the same as in (3). However, here we may choose
I, = I" for some finitely generated ideal I C A. Then it is clear that X, is the
formal spectrum of lim A/J"™ where J = (f1,..., fr) + I. Some details omitted.

Proof of (5). In this case X,..q4 is the spectrum of a Noetherian ring and hence the
assumption that | X,..q|\ T is quasi-compact is satisfied. Thus as in the proof of (4)
we see that X /7 is the spectrum of lim A/J™ which is a Noetherian adic topological

ring, see Algebra, Lemma O

Lemma 37.7. Let S be a scheme. Let X be a formal algebraic space over S. Let
T C X,eq be a closed subset and let Xr be the formal completion of X along T.
Then

(1) if Xped \T — Xyea is quasi-compact and X is locally countably indexed,
then X7 is locally countably indezed,

(2) if Xyea \T — Xyea is quasi-compact and X is locally adic*, then X, is
locally adic*, and

(3) if X is locally Noetherian, then X, is locally Noetherian.

Proof. Choose a covering {X; — X} as in Definition Let T; C X reqa be
the inverse image of 7. We have X; xx X,p = (X;);r, (Lemma [37.4). Hence
{(Xi) /1, = X7} is a covering as in Deﬁnition Moreover, if X, eq \ T — Xyeq
is quasi-compact, s0 is X; yeq \ Ti — X req and if X is locally countably indexed,
or locally adic*, pr locally Noetherian, the is X; is countably index, or adic*, or
Noetherian. Thus the lemma follows from the affine case which is Lemma O

38. Completion along a closed subspace

This section is the analgue of Section [I4] for completions with respect to a closed
subspace.

Definition 38.1. Let S be a scheme. Let X be an algebraic space over S. Let
Z C X be a closed subspace and denote Z,, C X the nth order infinitesimal
neighbourhood. The formal algebraic space

X% = colim Z,,
(see Lemma [36.2) is called the completion of X along Z.

Observe that if ' = |Z| then there is a canonical morphism X2 — X /T comparing
the completions along Z and T (Section which need not be an isomorphism.
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Let f: X — X’ be a morphism of algebraic spaces over a scheme S. Suppose that
Z C X and Z’' C X' are closed subspaces such that f|z maps Z into Z’ inducing a
morphism Z — Z’. Then it is clear that f defines a morphism of formal algebraic
spaces

Xz — (X)z
between the completions.

Lemma 38.2. Let S be a scheme. Let f : X' — X be a morphism of algebraic
spaces over S. Let Z C X be a closed subspace and let Z' = f~Y(Z) = X' xx Z.
Then

(X)) —= X'

|

Xp—>X

is a cartesian diagram of sheaves. In particular, the morphism (X'), — X7 is
representable by algebraic spaces.

Proof. Namely, suppose that Y — X is a morphism from a scheme into X such
that Y — X factors through Z. Then Y xy X’ — X is a morphism of algebraic
spaces such that Y x x X’ — X' factors through Z’. Since Z!, = X'x x Z,, for alln >
1 the same is true for the infinitesimal neighbourhoods. Hence the cartesian square
of functors follows from the formulas X2 = colim Z,, and (X’)%, = colim Z;,. O

Lemma 38.3. Let S be a scheme. Let X be an algebraic space over S. Let Z C X
be a closed subspace. The reduction (X3 )rea of the completion X7 of X along Z is
Zred'

Proof. Omitted. U
Lemma 38.4. Let S be a scheme. Let X = Spec(A) be an affine scheme over S.

Let Z C X be a closed subscheme. Let X} be the formal completion of X along Z.

(1) The affine formal algebraic space X% is weakly adic.

(2) If Z — X is of finite presentation, then X% is adic*.

(3) If Z = V(I) for some finitely generated ideal I C A, then X = Spf(A")
where A is the I-adic completion of A.

(4) If X is Noetherian, then X% is Noetherian.

Proof. Omitted. O

Lemma 38.5. Let S be a scheme. Let X be an algebraic space over S. Let Z C X
be a closed subspace. Let X} be the formal completion of X along Z.

(1) The formal algebraic space X7 is locally weakly adic.
(2) If Z — X is of finite presentation, then X7 is locally adic*.
(3) If X is locally Noetherian, then Xz is locally Noetherian.

Proof. Omitted. ([l
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